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Chapter 1

Introduction

1.1 About This Thesis

In this thesis, we provide convergent numerical schemes to solve non-linear uncoupled
forward-backward stochastic differential equations with jumps. Various applications

in mathematical finance, financial economics and financial econometrics are discussed.

1.2 Literature Review

Bismut| (1973)) introduced linear BSDESs to study stochastic optimal control problems
in the stochastic version of the Pontryagins maximum principle. Non-linear BSDEs
were first studied theoretically by Pardoux and Peng| (1990)), who suggest a general
stochastic maximum principle with first and second order adjoint equations. Since
then, a substantial literature on theoretical developments and applications of BSDEs
to various financial problems has emerged. On the theoretical side, a number of papers
have examined the existence and uniqueness of solutions to BSDEs/FBSDEs, includ-
ing |Pardoux and Peng (1990)), |Antonelli| (1993), the first to study Forward-BSDEs,
Tang and Li (1994)), who study BSDEs with random jumps, Pardoux and Tang (1999)),
Kobylanski (2000)) for quadratic BSDEs and |Zhang) (2006ab) for possibly degenerate
ones. [Peng| (2014) proposes a comparison theorem for BSDEs. [Pardoux and Peng
(1992) show that the solution of the BSDE in the Markovian case corresponds to a

probabilistic solution of a non-linear PDE and give a generalization of the Feynman-



Kac formula. Other representation results have been used to establish the relation

between solutions of FBSDEs and quasi-linear parabolic PDEs; see Ma and Zhang]

(2002)) and (2005)) for degenerate FBSDEs. [El Karoui et al. (2008) provide

a comprehensive review of theoretical developments for BSDEs. We refer the inter-

ested readers for more references in that work. On the application side, early uses of

BSDEs/FBSDEs in financial models appear in Detemple and Zapatero| (1991}, 1992)),

Duffie and Epstein (1992), ElI Karoui et al. (1997a)), [El Karoui et al| (1997b), Mal

land Yong (2000)) and |Carmonal (2009), among others. For example, [El Karoui et al.|

(1997a) discuss reflected BSDEs and their relation to optimal stopping problems.

El Karoui et al.| (1997b) examine the valuation and hedging of European contingent

claims in complete markets and markets with portfolio constraints. [El Karoui and|

(1997) develop non-linear pricing theory using BSDEs. The portfolio choice

problem of a large investor is studied in |Cvitanic and Ma (1996), where a fully-

coupled FBSDE system is obtained. Recent contributions, such as [Bichuch et al.

(2015alb)), use BSDEs to compute the XVA of a European contingent claim taking
account of funding costs, counterparty risk and collateralization. Nowadays, BSDEs
play a prominent role in mathematical finance, financial economics and mathematical
€economics.

In addition to BSDEs with Lipschitz continuous and linearly growing drivers,
quadratic BSDEs appear in risk sensitive control problems, dynamic risk measures,

indifference pricing and dynamic portfolio choice problems with incomplete markets.

The first discussion of quadratic BSDEs can be found in [Kobylanski (2000) in a

Brownian filtration setting, under the assumption that the terminal conditions are

bounded. Her results are extended by Briand and Hul (2006] [2008), who consider,

under Brownian filtration, quadratic BSDEs with unbounded terminal conditions.

Extensions can also be found in, for example, Tevzadze| (2008), who proves the exis-




tence of a unique solution to a general backward stochastic differential equation with
quadratic growth driven by martingales. Applications appear in Hu et al. (2005),
Morlais| (2009)) and references therein. Recently, Fujii and Takahashi (2016a) study
the existence and uniqueness of solutions to quadratic-exponential BSDEs with jumps,
i.e., BSDEs whose drivers exhibit quadratic growth in some variables and exponential
growth in others.

Unfortunately, the cases where BSDEs/FBSDEs have closed-form solutions are
rare. One has to resort to numerical methods for practical implementations. Due
to the nature of the problems considered, the dimensionality of the state vector is
often high. Standard numerical approaches, such as the finite difference method
for the associated PDEs, usually fail in such situations. To circumvent difficulties
associated with large dimensions, Fujii and Takahashi (2012allb) present analytical
approximation methods based on perturbation theory to solve non-linear FBSDEs,
but do not provide error estimates. [Takahashi and Yamadaj (2014) and Gobet and
Pagliarani| (2014) study analytical expansion schemes for BSDEs based on small-
diffusion and small-time expansions and derive the associated error bounds.

The references closest to the applications discussed in Chapter [4| are [Liu (2007)
for portfolio choice with incomplete markets under a quadratic-affine framework, |Ait-
Sahalial (2002} |2008)), |[Yu/ (2007)), (Choi| (2013, [2015)), Filipovi¢ et al.| (2013]) and |Li and

Chen (2016) for transition density expansion.

1.3 Main Contributions

While the existence and uniqueness of solutions to the aforementioned BSDEs is
by now well-understood, numerical solutions are not trivial to obtain. This thesis
attempts to fill this gap: it provides general procedures to compute approximate

solutions to general uncoupled FBSDEs (with jumps).



The First Expansion Scheme

The first expansion scheme (in Chapter [2)) is based on Picard iteration and nested
PDE expansions. It extends the parabolic PDE expansion method first developed
formally in a scalar setting in Pagliarani and Pascucci| (2012)) and later generalized to
multiple dimensions with rigorous error estimates in Lorig et al. (2015a). The method
documented in Chapter [2] does not discretize the state space, nor does it apply only
to small time settings, meaning that the expansion scheme is only accurate when time
to maturity of the problem is small.

The procedure has five main features. First, the scheme converges and rigor-
ous error estimates are available. Second, it only requires integration over the time
domain, which is a one-dimensional computation. Third, it imposes standard re-
strictions, which are often assumed in the expansion literature, such as boundedness
and continuity of derivatives up to some order, on the coefficients of the FBSDEs.
Fourth, in addition to the number of time discretizations n and Picard iterations k,
it provides two control parameters, m, representing the order of Taylor expansion
of the terminal condition and PDE source term and [, representing the order of the
PDE expansion, to control the rate of decay of the error bound from the nested PDE
expansion. Larger values of m and [ increase the speed of this decay as k and n go to
oo. Finally, the evaluation of expansion terms is recursive in nature and can be pro-
grammed using any software language that enables symbolic computations (mainly
symbolic differentiation).

In order to provide perspective, it is useful to compare our method with [Takahashi
and Yamada) (2014)), |Gobet and Pagliarani (2014) and Lorig et al.| (2015a). The
approach in Takahashi and Yamada (2014)) is based on small-diffusion expansions.
The diffusion coefficient of the forward SDE is multiplied by a small perturbation

parameter € which serves as the basis for the expansion of the solution. This approach



works best when ¢ is small. |Gobet and Pagliarani| (2014) solve BSDEs with non-
smooth drivers using a perturbation technique. They obtain good performance with
mild non-linearity and short time in the case of non-smooth drivers. They contend
that the method is more suitable than merely smoothing the driver and applying
the expansion methods available for smooth coefficients. Compared to |Gobet and
Pagliarani| (2014), our method is convergent and does not rely on a short maturity or
a small perturbation coefficient. It extends Lorig et al. (2015a)) from parabolic PDEs
to FBSDEs with the help of Picard iteration and the non-linear Feynman-Kac formula
for FBSDEs. Moreover, the approach in Lorig et al.| (2015a)) requires a d-dimensional
integration in order to solve for the expansion. Our method only requires integration
over the time domain, which considerably simplifies the computation. To summarize,
we provide a numerical method, to solve FBSDESs, to the literature, which is easy to

implement.

The Second Expansion Scheme

The second expansion scheme (in Chapter 3 builds on the first one. The major steps

are:

e Use a sequence of FBSDESs with coefficients that are smooth and have bounded

derivatives of all orders to approximate the original FBSDE.

For every FBSDE in the sequence, apply Picard iteration to linearize it.

Associate the linearized FBSDE to a PIDE.

Use time discretization and Taylor expansion (at a fixed point xy which will be

described later) to solve the PIDE analytically.

The method is based on the results of |Liu and Li (2000), |Jum| (2015)) and Lorig
et al. (2013} |2015ablic). Liu and Li (2000) and [Jum| (2015) document the weak con-



vergence of stochastic Taylor expansions to approximate the expectation of a known
function, with at most polynomial growth, of a jump-diffusion process. We gener-
alize their work in the following way. [Liu and Li (2000) and |Jum| (2015) suggest a
Monte Carlo evaluation of the conditional expectation. We use the law of iterated
expectations and polynomial expansion to approximate conditional expectations and
the combined method results in an analytical approximation scheme. In Lorig et al.
(2015b)), the authors derive small-time error bounds for their higher order PIDE ap-
proximation. We extend their results to large time and obtain convergence. The
method introduced also generalizes the literature on asymptotic expansions, for ex-
ample, Takahashi and Yamada (2014), Fujii and Takahashi| (2016b)), Fujii| (2016)) and
Fujii and Takahashi| (2016al), in that the convergence does not rely on a small pertur-
bation parameter. Our method may be more suitable than simulation in some cases,
where nested evaluations or the higher order derivatives of the solutions are needed.

Numerical experiments indicate the efficiency of the second expansion method. A
numerical experiment with 6 rounds of Picard iterations, 2000 time-discretizations

with Taylor expansion order 2 takes only 40 seconds on an i7 PC.

Financial Applications

As for applications, we consider several important problems in mathematical finance,
financial economics and financial econometrics, which include portfolio choice with
incomplete markets, optimal investment for an insurer and transition density ap-
proximation for stochastic differential equations with jumps. We provide convergent
numerical algorithms to solve the aforementioned problems numerically and compare
performance relative to some selected methods.

We provide numerical solutions to dynamic portfolio choice problems. The algo-
rithm can serve as a general procedure to compute the optimal portfolios and the

optimal wealth functions with complete or incomplete markets.



On the econometrics side, our transition density approximation is feasible, fast
and accurate. Transition densities are needed when we want to estimate the model
parameters using maximum likelihood method and they are usually not known in
closed-form. Extending the methods studied in |Ait-Sahalia; (2002, 2008), 'Yu/ (2007)
and |Choi (2013}, 2015)), our algorithm does not require us to solve partial differential
equations recursively to obtain the coefficients of the expansion. Moreover, as a
theoretical extension to |Ait-Sahalial (2002} 2008), [Yu (2007), |Choi (2013, [2015)) and
Li and Chen (2016]), our method is convergent and the convergence does not rely
on a small parameter. For some selected SDEs with jumps, We provide error plots
for the transition density approximation. In the end, an MLE estimation exercise is

performed on a CIR model with or without positive jumps.

1.4 Organization

The organization of the thesis is as follows. Chapter [2] describes the first expansion
scheme. Chapter |3| introduces the second expansion scheme. Chapter [4] contains all
the financial applications. Chapter [5| concludes. All the proofs can be found in the

Appendix.



Chapter 2

The First Expansion Scheme

2.1 Outline of This Chapter

In this chapter, we develop a numerical expansion scheme to solve a general uncoupled
forward-backward stochastic differential equation. We first introduce the FBSDE.
Then, we describe the numerical expansion scheme. In the end, we state the assump-
tions required in this chapter and derive the error bounds and prove convergence of

the proposed scheme.

2.2 The FBSDE Considered

Let (2, F, (F;)e>0, P) be a complete, filtered probability space where a d-dimensional
Brownian motion W = (W});>¢ is defined such that F = (F;);>0 is the the natu-
ral filtration generated by W. Consider the following uncoupled forward-backward

stochastic differential equation (FBSDE)

dX, = p(t, X;) dt + o(t, X,) dW,,  Xo =z € RY, 22.1)
2.2.1

dY = —f(t, X4, Y3, Ze) dt + Z, AW, Y = §(Xr) € R,

where the process X = (X;)cpo,r lives in RY, the process Y = (Yy)tepo,m lives in R,

the process Z = (Z)iejo.r) lives in R* and the functions (u, o, f, 1) map

p:[0,T] x R* — RY, o:[0,T] x R* — R,

f:0,T] xR*x R xR = R, ¥ :RT— R.



Precise conditions satisfied by the functions (u, o, f, 1) will be given in Assumptions

[2.4.5] [2.4.6] and [2.4.7] For now, it is assumed that the functions are sufficiently well

behaved, e.g., sufficiently smooth, to validate the manipulations performed below.
We assume that the FBSDE has a unique solution (Y, 7). The goal is to
find an approximation to the solution of the FBSDE that, in some limit, converges
to the solution (Y, Z) but is much easier to calculate numerically. The precise sense
in which the algorithm converges will be stated in Theorem [2.4.8] For now, we focus

on explaining how the approximate solution is constructed.

2.3 The Numerical Expansion Scheme

Step 1: Picard iteration

The first step is to write the solution (Y, Z) as the limit of a Picard iteration scheme.

Specifically, define the processes Y (©) = (Yt(o)) vefor and Z 0) = (Zt(o)) wetor) BY
T
}/;(O) = Etw(XT) + Et/f(87 XS7 07 0) dS, Zt(O) = ﬂt)/t(())a
t

where E,;- denotes the conditional expectation E[ - |F;] and D, is the Malliavin gradient

operator with respect to the d-dimensional Brownian motion W. Next, for any k£ > 1,

define Y ¥ = (Y;(k)) | and Z) = (Zt(k)) as the solution (Y(k),Z(k)) of the

te[0,T t€[0,T]

following linear FBSDE

dY(k) - _f(s, X$7 }/s(k_l)7 Zégk_l)) ds + ngk) dWS7 ngk) = ¢(XT) (231)

S

It is known (see for example (El Karoui et al., |1997b, Corollary 2.1)) that under

appropriate conditions on (u, o, f,1) the sequence (Y(k), Z (k)) converges to (Y, 7).
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Step 2: Reduction to a sequence of linear PDEs

The second step is to relate (Y®, Z®) to the solution of a linear parabolic partial
differential equation (PDE). Specifically, let the sequence of functions (u(k))k>0 be
the unique classical solution (assumed to exist for now, detailed analysis will be given

later) of the following sequence of nested PDEs
(0 + Ayu® + fB =0, u™(T, ) =9 (), k>0, (23.2)

where the operator A (the infinitesimal generator of X) and the function f®) are

given by

d d
ZZ z]tx xaxj7

=1 j=1

DN | —

i=1
) (t,x) = f(t, z,u* Y (t, x), Vout V(¢ ) - a(t,x)), k>0,
with «(=Y := 0. If we define
v = u®t, X,), ZH = v,u® (1, X,) - o(t, X,),

then, the pair (Y®, Z®) solves FBSDE (2.3.1). Note, however, that for general

(1,0, f, 1)), there is no explicit solution (u*)), _ “to (2.3.2).

Step 3: Approximate solution of the sequence of PDEs
From (|2 , we see that each «®) in the sequence (u(k)) k>0 satisfies a linear parabolic

PDE of the form

(& + Au+ f =0, u(T,-) =1, A= Y au(t,z)0e, (2.33)

1<]|al<2



11

where the operator A has been rewritten using standard multi-index notation

d

d
a=(ap,a,...,aq), ]a\:Zai, 05“:1_[8?;,
i=1

i=1
d d

¢ = Hxiai, al = H a;l. (2.3.4)
i=1 i=1

For general coefficients (a,), there is no closed-form solution u to the PDE ([2.3.3)).
However, an approximate solution can be obtained using the methods developed in
(Lorig et al., [2014)). We briefly review the key elements of their approach here.
First, we fix a point £ € R?. Assuming that the coefficients of A are smooth
enough, we can expand each of these as a Taylor series about the point z. Formally,

the operator A can then be written as

A=) A7 A= ST al (),
=0 1<]a|<2
- 1
aai(th@) = D 5070a(t,3) (@~ 2)’. (2.3.5)
1Bl=i "

Note that we have explicitly indicated the dependence of AZ on the expansion point

Z. Next, we expand the function u as an infinite series

where, once again, we have explicitly indicated with a superscript the dependence
of each uf on Z. Inserting the expansions for A and u into the PDE ([2.3.3), and

collecting terms whose subscripts sum to like order, we obtain

(O + AU+ f =0, uo(T,-) =1,

e i (2.3.6)
O+ AD)uf + > Afw =0, uf(T,)=0, [>1.
i=1
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Note that Af is a second-order elliptic operator. Thus, the operator A? generates a
semigroup P§. As the coefficients of Af are constant in x, the action of the semigroup

can be written in closed form

R Do) = [ WLiteTgl),  weRL =T (237)
]Rd

where I'} is the transition density of a Gaussian process whose mean vector and

covariance matrix are given by equation (A.1.1) in Appendix . By Duhamel’s
principle (see, for example, Thomée and Zhang| (1989)), the sequence of functions

(uf)lzo can be written in semi-closed form (as an integral)

( T

%@@Z%@ﬂww+/&@Wmﬁmw%

t
T

l
uf (t, x) = / Aty P(t, 1) > Afuj (tr, x), 1> 1.
=1

\ t

Step 4: Taylor expansion of the PDE source terms and terminal condition

We will need to find an approximate solution to a PDE of the form at every
step in the Picard iteration. Because of this, it will be useful to have a closed-form
approximation for each u} in the sequence (u});>o. Note that, if p is a polynomial of
degree m, then ¢*(t,z) := P§(¢t,T)p(x) will be a polynomial in x of degree m as well.
An explicit expression for P§ (¢, T)p(z) is given in equation (A.1.2) in Appendix [A.1]

If the source term f and the terminal condition v of the Cauchy problem
are polynomials, then uf(¢,x) will be a polynomial in x for every {. With this in
mind, we shall Taylor expand the functions (f, ). Let us define the Taylor expansion

operator TZ  which maps any C™(R?) function to its mth-order Taylor expansion
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about the point x

T g ZZ i z)(z — )%

1=0 |a|=1

For a fixed m, define (ufm) as the unique classical solutions of the following nested

1>0

sequence of PDEs

(00 + AS) UG + T3 f =0, 4, (T,-) = Ty,
- L ) (2.3.8)
(O + AD) i, + > AT, =0, uf,(T,) =0, [>1.

i=1

Comparing ([2.3.6)) with - we see that the only change was to apply the Taylor

expansion operator T?, to two terms: f and 1. The sequence of functions (ufm)lzo,

given by
.

T
ug  (t, ) = Po(t, T) Ty 1p —i—/dtiP""’tt YT f(t', x),

T

l
u,(t ) = / APt )Y AUl (@), [>1,

=1

L ¢
can be computed explicitly (i.e., all integrals can be evaluated analytically).
We have yet to comment on the choice of Z. In general, the choice of z for which
. ! z . . -
the partial sum  ;_, uf,, most accurately approximates u at the point x is T = .

Thus, for this special case, we define

To give the reader a clear idea of the structure of the approximating solution, we
point out that while uf,, (¢, ) is a polynomial in x it is not, in general, a polynomial

in Z. As such, u,(t, z) will not generally be a polynomial in z.



14

Step 5: Time discretizing PDEs

The partial sum 22:1 u; m most accurately approximates u when 7" — ¢ is small and
loses accuracy as T'—t grows large. To overcome this limitation, we introduce a time
discretization scheme. Let us divide the interval [¢, T into n equally spaced intervals

[ti_1,t;] withi=1,2,... n, where
tz:t—f—l(st, 5,5:(T—t)/n, 220,172,,’”
We define uf,, ,, as the solution of the following sequence of PDEs

(at + ‘Ag)ug,m,n + Ti@f = 07 ug,m,n(T’ ) = Tiﬂb’ S [tn—b T)>
o l o ) (2.3.9)
O+ AU o+ Y AT =0, ], (1) =0,  1>1,

i=1
and, for j =1,2,3,...,n—1,

' — — —
(00 + AG) o + T f =0,
ug,m,n(tn*ﬁ ) = Tfnugfm,n@n*j? ‘>7 t € [tn*j*h t”*]’)7
o L (2.3.10)
(O + AD) W + > AT i =0,

i=1

uli;myn(t”_j7 ) = Tfn—Qlui:n,n(tn—ﬁ ')7 l > 17

\

where we have defined

g, () == 0 (uf ()| __ ), (2.3.11)

T ul,m,n T
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and the superscript tc stands for terminal condition. It will be helpful to explain

briefly how to construct w, (¢, z) for any t € [0,T]. First, one solves (2.3.9) using

( -
Ug g (t )

T
= PL(t, T)TE +/ dt'PE(t, )TE f(t',x), tE€ [tn,T),

(2.3.12)
ufmm(t,x)
T k
- / APH(EA)D AT, (), 1> 1
\ t =1

Combining (2.3.11)) with (2.3.12) yields an explicit expression for u¢, (¢, ), which
is valid for any ¢ € [t,—1,T]. Note that uf¢

l,m,n
Next, for every j =0,1,2,3,...,n — 1, one solves (2.3.10]) using

(

will generally not be polynomial in x.

U (5 )
= ?g(t tn J)Til OCm n(tn—j"r)
tn—j
+ / dt'Py (¢, t)TE f(t, x), t € [tnej1,tn—j),
{ ! (2.3.13)
U (E,7)

= Tg(t tn— ])Tz QZuf,in,n(tn*jvx)

tn—j I
+ / d'P(EA)> AT, x), 1> 1.
=1
\ t

Setting Z = z in (2.3.13)) yields at the j*® step, an explicit expression for ug .. (¢, ),
which is valid for any ¢ € [t,—;_1,t,—;). After n — 1 total iterations, one obtains the

value for w,,(t,z) for any t € [to,t;). Throughout this chapter, we will use the
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shorthand

Py (t, ) = (aﬁulmn(t,x)) };z— : (2.3.14)

Observe that um,, = uf;,, by comparing equations (2.3.11)) and (2.3.14)), however

Oy # 85ulmn Also observe that the function u;,,, is not continuous in ¢ at

times {tj}?:_l for any (I,m,n) because

lim ulmn(t T) = Tfn—Qlu;(;n n(tjvx) ~ # ul,m,n<tjax)a
t—t;— e T=x

in general.
2.4 The Error Bounds and the Convergence Result

We are now in a position to define our approximate solution of FBSDE ([2.2.1). To
simplify notation, we will always use over-bar to denote a partial sum over the first

subscript of any object. For example

l l l
U 1= E Uy, ﬂl,m = E Ui m s ﬂl,m,n = E Ui m,n» (241)
i=0 i=0 i=0

and likewise for other objects. We begin with the following definition.

Definition 2.4.1. Let Uz(lizm be given by wym, in (2.3.12)), (2.3.13) and (2.3.14) with
f replaced by

k k—1 k 1 _(k k
o (ta) = (ol Dt ), Voalh Dt a) - ote), ol ()= ul

=0
where, by convention, we set a,‘;jf@ := 0. Define the (k,l,m,n)™ order approximation
of (Y, Z) by
Y, = g (X, Zm) =l (tX) ot X). (2.4.2)

We refer to k as the degree of Picard iteration, to [ as the degree of PDE expansion,
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to m as the degree of Taylor expansion and to n as the degree of time discretization.

In our main result (Theorem below), we will state conditions under which
and the sense in which the (k, 1, m,n)™ order approximation (Y (ktmm) Z(klmn)) cop-

verges to (Y, Z). To do this, we shall need the following definitions and assumptions.

Definition 2.4.2. Let CI"(RY;R) be the space of bounded functions f : RN —
R whose deriwatives up to order m are bounded and continuous. We will use the

shorthand notation Cy* wherever appropriate.

Definition 2.4.3. For any function g € CX(R% R), define its order pém’X) by

i =t {2 0510201 < (max 102l 18177, 02 Jal <y m=1,

where we use the usual convention inf ) = +o00.

The definition of pém’X) depends on the function g and on the choice of m and Yy.
One can see that if a function g € CX(R%R) has order py™* and f € CX(R%R)

has order pgch’X), then the functions fg and f 4 g have at most order pmax(mim2)x —

max (,O(gmhx)7 p;m%x))'

Remark 2.4.4. When x = 400, the above definition of order is equivalent to the
following definition

1 op 0o
p(gm,+00) = limsup 0og ” :ch
B2 g (maxOgmgm Ha;gnm) T ol8l10g18
1 P

Bl—s+oo Pl log Bl

Below, in Assumptions [2.4.5] [2.4.6[ and [2.4.7] x is either the integer n(m + 1) + 1

or +o00, which we will specify whenever needed.

Assumption 2.4.5 (on the coefficients a,). The coefficients a, are B([O,T]) ®
B(]Rd) -Borel measurable and satisfy

ao(t,") € CX(REGR) VE€[0,T], an(-,x) € CH0,T;R) VaeR%
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There exists a constant M > 0 such that

MYEP <Y aa(t, 2)E™ < Mg Vte[0,T], z,& € R

|af=2

Moreover, for some sufficiently large integer m the functions as(t,-) have orders 0 <
P < oo for all t € [0,T).

Assumption 2.4.6 (on the terminal datum ¢). The terminal datum v is B(R?)-
Borel measurable and satisfies ¢ € CX(R%R). There exists a sufficiently large m
such that function 1 (-) has order 0 < pl(ﬁm’X) < +00.

Assumption 2.4.7 (on the driver f). The driver f is B([0,T]) @ B(R**)-Borel

measurable and satisfies

f(t,--) € CXR* ™ R) Ve[0T,
f(',I,y,Z) € Cbl([OaT];R> V(ZE,Z/, Z) S R2d+1.

For some sufficiently large integer m the function f(t,-) has order 0 < p;m,x) < 400

for all t € [0,T].

Theorem 2.4.8. Let (Y, Z) be the solution of the FBSDE [@.2.1). Let Y,*"™™ and

Zt(k’l’m’") be as given in equation (2.4.2)). Then, under Assumptions and
for x =n(m+ 1)+ 1, we have for a fized level I of the PDE expansion and a
degree m > 4l + 3 of the Taylor Expansion that

2

Hy _ y(klmn) 2 i HZ _ gUkLmn)
. L2 ’ 12
05\ i 142 _— m—2l
S K ( ) + C — + Cn2l+2 L 7 (243)

where the constant 6 € (O,%

constant K is independent of §, k, I, m and n, and the constant C' is depending only
onk, m, l, T andn. The L*-norm || - |32 is given by ||&.||72 :== ]EfOT dt &)

) 15 independent of the choice of k, [, m and n, the

Corollary 2.4.9. Under Assumptions|2.1.5, [2.1.0 and [2.4.7 with x = 400 and for
fixed I and m > 4l + 3, we have

2

2]

2 + HZ . Z(k,l,m,n)
L2 '

k—400 n—+00

lim  lm (HY _ y(kdmn)
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Remark 2.4.10. The limit in Corollary[2.4.9 is sequential. First n, then k are sent
to +00. The parameters (I, m), which are kept constant, affect the error bound through
the constant C' and the power of %, as can be seen from (2.4.3)) and the proof in the

Appendiz.

Remark 2.4.11. Although it is assumed that the dimension of the forward-SDE is
the same as the dimension of the Brownian motion, the results can be extended to the
case where these two quantities are different. Furthermore, the results hold also in
the case where Y, € R? with g > 2.

The proofs of Theorem and Corollary can be found in Appendix [A.2]

Specifically, the proof of Theorem [2.4.8| relies on the following Proposition

Proposition 2.4.12. Let Assumptions|2.4.5,|2.4.6| and|2.4.7 hold with x = n(m+1).

Let u be the unique classical solution of (2.3.3) and let 6,y ,, be as defined in (2.3.14)
and (2.4.1). Then, for any multi-index B with 0 < |G| < 1 and n large enough, we

have

sup 8fu(t, x) — 8fﬂl7m,n(t, ZL‘))
z€R4
(+3-181)/2 (m+1-|8]-20)/2
T—t T—t
< C( > + Cn't! (—) : (2.4.4)
n n

where C' is a constant that depends only on m, | and T'.

Proof. The proof of Proposition is given in Appendix [A.3] O



20

Chapter 3

The Second Expansion Scheme

3.1 Outline of This Chapter

In this chapter, we propose the second numerical expansion method to solve a general
uncoupled quadratic-exponential forward-backward stochastic differential equation
with jumps (QEFBSDEJ). The method extends the one documented in Chapter .
Most importantly, we do not need the coefficients of the FBSDE to be smooth or
bounded. We first state the FBSDE, then introduce the general algorithm. Error

bounds and convergence result follow.

3.2 The FBSDE Considered

Consider a filtered probability space (Q, T, (fﬂ)ogth,P), with 7" € R*. The space
is supporting a d-dimensional Brownian motion W; = (W}, ... W¢) and a Poisson
random measure N on B([0,7]) ® £, where B([0,T) is the Borel o-algebra on [0, T]
and (F, £) is a measurable space. Define £ := R? and £ as the Borel o-algebra on FE.
[P is the probability measure on &. The filtration (F;)o<;<7 is completed with all P-null
sets, right-continuous and F; = F}"" is generated by (W;, N(-,[0,1],-)) for ¢ € [0,T].
Assume that F = B"YW N and W and N are mutually independent under P. Suppose
that the compensating measure of N is v(dt, de) := v(de)dt, where v is a o-finite
measure on (E, &) satisfying [, (1A]e*)v(de) < co. The corresponding compensated

Poisson random measure is defined by N(w, dt, de) := N(w, dt, de) — v(de) dt.
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The FBSDE, with solution (X,Y, Z,U), is

dXt = /J,(t, Xt) dt + O'(t, Xt) th + /’)/(t—, Xt,, €)N( dt, de)

E

Xo =29
) (3.2.1)
dY, = — f(t, X4, Yy, Z, Vi) dt + Z, AW, +/Ut_<e)N(dt, de)

E

Yr = ¢(Xr)

where V; = [, U(e)p(e)v(de) for a given smooth and bounded function p. X; € &
is r-dimensional. The standard Brownian motion W is d-dimensional, Y; € JF; is
one-dimensional, Z; € F; is d-dimensional, U(e) € F,; is ¢g-dimensional, V; € JF, is

1-dimensional and N is ¢-dimensional. We assume r < d throughout the chapter.

3.3 The Expansion Scheme

3.3.1 Picard Iterations

The first step is to represent (Y, Z,U) as the limit of (Y*), Z®) y®k) which is

00
k=0’

defined recursively by the following linear FBSDEJs

dXt = ,LL(t, Xt) dt + U(t, Xt) th + /V(t—, Xt_, e)N( dt, d@) Xo =29

E

4v,% = —f(t, X,,0,0,0)dt + 2 dw, + /Ut(f)(e)N(dt, de) Vi = o(X7)

E

and for k > 1

AdX, = pu(t, X;) dt 4+ o(t, X;) AW, + /fy(t—,Xt, e)N(dt, de) Xy =10

E

Ay, = —r(t, X, v, 250 v a

+ 28 aw, + / UP ()N (dt, de) v = o(Xr).
E
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In Section , it is shown that (Y(k), AR U(k)) — (Y, Z,U) as k — oo. Note that,

to obtain zeroth-order solution (Y@, Z(© U©), we only need to evaluate conditional

a2

The non-linear Feynman-Kac formula, presented in Bouchard and Elie| (2008]), enables

expectations. Suppose that

T
WO, x,) =YY = E[qb(XT) + /f(v,XU,O,O,O) dv
t

the following
20 = 9,00t X)o(t, X)) U2 (e) = u®(t, X, + 7(t, Xs,€)) — uO(t, X;).

The Markovian nature of the solution to the zero-th order FBSDEJ ensures a Marko-
vian representation of (Y®) Z(*) 7(*)) More precisely,
Yt(k) = ul®) (ta Xt)
Z® = 0,u®(t, X))o (t, X,)
U (e) = u®(t, X, +7(t, Xo€)) —u®(t, X,)

where the functions (u*))22 are sufficiently differentiable (to be verified) and satisfy

the following PIDE for £k =1,2,---

0 = u®(t, ) + p(t, z)0,u® (t, x) + %Tr[a(t, z)o(t,z)T0*u® (t, )]

+ /(u(k) (t,x+~(t, z,e)) —u® (t, x) — O,u® (t, 2)y(t, x, e))v(de)

+f (t, z, uF Y (¢, x), Oput (¢, x)o(t,x),
/p(e) (u(k’l)(t, x4+t z,e)) —ut (e, x))l/( de))

o(z) = u(T, ). (3.3.1)
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Assume that a fundamental solution to PIDE exists and denote it by I', which

solves

1
0=0:L(t,z;7y) + u(r,y)9,L(t, 2:7.y) + 5 Trlo (7, y)o(7, y) L (t, 257, y))

n / (D(t 27y + (9, €)) — Tt a3 ) — B0t @7, y)y(m, 1, €) ) de)

E

6(y) = L'(t, z3t+, 7).

Here 4,(+) is the Dirac-Delta function at x. By Duhamel’s principle, the solution of
the PIDE (3.3.1)) is

T
Wt z) = / dyT(t, 2: T, y)d(y) + / dr / dyT(t, 27, 9) f D (7, y)
t RT

T
/dythTy (y)—l—/dT/dy
t R"

RT

D(t 27, y)f ( g D (7, ), 00D, ) (7, 1),

/p (ry +(ry,¢)) —u(r, y))V(d€)>
E
under certain conditions. In addition, the Feynman-Kac formula suggests

B, [6(X1)] = / QT o Toy)dly)  OFrald(Xr)] = / dy O,0(t, 2 T, y) ()

R" R"

where E; ,[-] :== E[-|X; = z].
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3.3.2 Evaluating Conditional Expectations

By Picard iterations, we can decompose the solution to (3.2.1)) into a sequence of
nested conditional expectations. To be specific, we have

T
Y =u®(t, X)) = E {as(XT) + / Fv, Xy, YD 20D =D qy

t

Z® = 9.0 ®) (¢, X))o (t, X;)

UM (e) = uP(t, X, +4(t, X1, €)) — u® (8, X))

o0

., are explicit functions of (¢, X;). It is therefore crucial

where (Y;(k—l)7 Zt(k_l)a t(k—l))
to evaluate the conditional expectations at each Picard iteration. Approximate closed-
form expressions facilitate computations.

In what follows, we propose a concrete algorithm. FKEuler discretization for the
forward-SDE (FSDE) and Taylor polynomial expansion for the evaluations of condi-
tional expectations are introduced. Suppose we are at time ¢ and the terminal time

is T'. Introduce n + 1 equally-spaced points {#;}7_, in interval [¢, T] such that ¢, = t,

t, =T and h = % is the time increment. The Euler scheme reads

th; = Xthj,l + ,LL(ijfl,Xth )h -+ O'(tjfl,Xgl )AWtj

j—1 j—1

+ /W(tj—h X, e)N(h, de) (3.3.2)
E

h ._
Xt = X

for 1 <j <nand AW, = W,, — W,,_,. Equation ({3.3.2)) becomes (3.3.3)) with (¢, 7)

replacing (t;-1, Xy;_,)

XZ:,_Q;,:Y: =+ pu(t,z)h+o(t,z) AWy, + /’y(t,f, e)N(h, de)
E (3.3.3)

oo
X, =
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where we treat ¥ as a constant. The characteristic function fg(t, z;t + h, &) of the

Lévy process X;"*" defined by Equation (3.3.3) is
fg(t, it +h,&) = ]E[exp (igxff;f) ‘Xth‘m = x] = exp(izé + ®F(t,t + h;€))
where

Dy(t,+ b ) = i€ult, 2)h — LEN(E, DETh

+ h/(exp(i&y(t,f, e)) —1—1i&y(t, z,e))v(de)

with ¥ = 0go7. Once we compute the conditional characteristic function, we replace &
with —i¢ to get the conditional moment generating function of Xth % and therefore
obtain the polynomial moments of X/"**. Let T'’(t,x;t + h,y) be the transition
density of , where x is the backward variable and y is the forward variable.
Next step involves the Taylor expansion of the terminal condition ¢(-) and the

intermediate solutions. Denote T% as the Taylor expansion operator

T) f(x) =) aﬁi@ (x—z)*.
laj=0

Suppose that, at each time step, we apply T7° on the intermediate solutions, where

xo is the starting point of the FSDE at time ¢ = t;. The expansion solution is

U, (£ ) = / dylg(t, 2 T, y) T70 6 (y) (3.3.4)
Rr
T

+/dT/dyFS(t,w;T,y)Tiﬁf(k)(T,y)

t R"
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for t € [t,—1,T], and

ui,m,n<t7x) ::/dyrg(t7x;ti+17y)Tfrguz,m,n(ti+lay) (335)
R’r
tit1
+ / dT/dyfé(t,fv;ﬂy)Tfﬁf(k)(T,y)
t R"

for t € [ti;ti11). Note that, uf,, . (tiy1,y) is an m-th degree polynomial in y with

coefficients depending on z. The Taylor expansion reads
Ty o (tiv1, y Z@ |Z 1% ukmn tits ) |amay (¥ — 20)? (3.3.6)
J=0[8]=y

where |8], 8! and (x — 24)” follow the multivariate conventions

T

Bl=pilx--xpl  (@-2=]J@-2)»  18]=38:
j=1

=1
Equations (3.3.4) and (3.3.5) are our final expansion solutions and they correspond

to the probabilistic representation

uz?mm(to, Io) (337)

= E[T - BTRE[TRo(X7)|Xy, | = Tlome, | X0, = Tlama, o+ [ Xiy = Tlomso

_'_hZ]ETxO“ TIOE[TxOf(k (tJaXh)’Xh = T|s=a, ‘Xf
T |X1£10 = j]i:vo

where 7 is the fixed point at each Euler discretization step at which the coefficients p,
o and v are evaluated. The notation E[¢(X})|X]" = = Z];—,, , means that we first

—1 1

take conditional expectations with z fixed and then set £ = x,,_1. To proceed, let

Ugoon (t0; o) (3.3.8)
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= B[ BE[@(X7)| XY, _, = Floma, | X0, = Floma, o - [ Xy = Flaag

-1

1Y B BB (4, X)X, = Tl XL = P,
o |Xt}(b) = f]:?:::co
Higher order derivatives of vj, (¢, z) and ug,, . (t,7) are defined by
0Lvi n(t,2) = 10707 0 (t, 7))o O g (£0) = (070 g (12

Note that this definition is different from that of the higher order derivatives in the

Taylor expansion of the intermediate solutions.

Definition 3.3.1. Define

(Y;k,m,n’Ztk,m,n,Utk,m,n(e)) = (ukmn(t Xt) a ukmn(t Xt) (t Xt)
uXt-‘r’Y(t ,Xt,e )(t, Xt —+ ’y(t, Xt, 6)) uk m, n(t Xt))

k,m,n

as the approximate solution to (Yi, Z;, Ui(e)).

Later we will establish

lim lim (V™" 28" U™ (e)) — (Y, Z, Us(e))

k—o00 n—00

in some sense.
Remark 3.3.2. The following facts should be pointed out

1. The order m of the Taylor expansion need not go to infinity to establish conver-
gence. Instead, we first send n (the number of time discretizations) and then k
(the order of Picard iteration) to infinity. However, a minimum order of Tay-
lor expansion is required (see Theorem . The exact space in which the
convergence is established will be clear in Section[3.4)

2. From Equation (3.3.6)), we know that, for a fized m, the total number of expan-

sion terms is Y -, (k+2_1), which is a polynomial in r.
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3. We know from the description of the numerical approximation scheme that the

number of terms does not increase with the number of time discretizations.

Because we will insert the intermediate solutions {u;, .(t,7)}x into the next
round Picard iterations and boundedness is important for us to prove convergence,
we will always localize them. Denote the localization index (. In what follows, we

will often suppress this notation. Regularization arguments such as localization can

be found in Section 3.4.3]

3.4 The Error Bounds and the Convergence Result

This section first describes the spaces of random variables we will use and the technical
assumptions, then introduces approximations of the original FBSDE such that the
approximate FBSDEs have well-behaved coefficients. Error bounds are given and the

convergence is established.

3.4.1 Definitions

Let T be the set of F-stopping times 7 € [0, 7. For a R"-valued function z : [0, 7] —

R", let the sup-norm be

%[0, := sup{|z:],t € [a,0]}.
We use the following spaces for stochastic processes and p = 2

o SP[s,t] is the set of R"-valued adapted cadlag processes X such that

1
1X sz == B[IX@)IE 5] < oo.

[s.1]

We sometimes write SP[0, 7] as SP if doing so causes no ambiguity. The same is

true for the spaces to be defined below.
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e S[s,t] is the set of R"-valued essentially bounded adapted cadlag processes X

such that

< Q0.

o

sup | X,|

vE[s,t]

||X||Ssz°[s,t] =

Here norm ||3]|cc = supyeq |Be(w)].

e HP[s,t] is the set of progressively measurable R%-valued processes Z such that

P

t
2
1 Z |p (5,1 ZZEK/!ZU\zdv) } < 0.

s

D=

o J?[s,t] is the set of g-dimensional functions ¢ = {1, 1 <i < ¢}, ¥ : Qx [0, T] x
E — R which is F x B([0,T]) x B(E)-measurable and satisfy

q t % %
ol = B[ (3 [ [l opraga)’] <o

e J>[s,t] is the space of functions which are dP ® v(de) essentially bounded, i.e.

[Pl := || sup [9( 0, ) e < oo

vE[s,t]

o0

Here L>°(v) is the space of R9-valued measurable functions, v( de)-a.e. bounded

endowed with the usual essential sup-norm.

o XP[s,t] is the set of functions (Y, Z,v) in the space SP[s,t] x HP[s,t] x JP[s, ]
with the norm

P
||(Y7 Z7 w)”KP[S,t] = (HYHIS)p[S,t] + ”ZH%p[s’t] + HQ/JHgP[s,t]) .

Let CJ(D) be the space of bounded functions that have continuous and bounded

derivatives up to order g in the domain D C R" and C9(D) the space of functions
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that have continuous derivatives up to order g.

Definition 3.4.1. Let M be a square-integrable martingale. If

1M |[5mo = sup HE[ My — M; 1.50) ‘?}H < 0

TeTl 0
then M 1is called a BMO-martingale. The space of BMO-martingales i.s BMO.
Further introduce the following

o HZ\ o is the set of progressively measurable Re-valued process Z such that

T
]EU | Z,|? dv 5”7}

o Jino and J% are the sets of Fx B([0, T]) x B(E) functions ¢ : Qx [0, T|xE — RY

2
= sup
BMO  7€T7

< Q.

2 .
121, = | [ 20w,
0

satisfying
||1/1||J2BMO = H//¢ w,v,e)N(dv, de) o < 00
32}

E| / [ 16t etac

1% = sup <o

TE‘J'g

‘ o

3.4.2 Assumptions

Assumption 3.4.2 (On ¢ and f). For every (x,y,2,79) € R"xRxR4xL2(E, v; R9),
there exist three constants >0, A >0 and [ > 0 such that

— Aol = S = [ n(-ve)v(de) < St 9. 20)

B
A .
<t 8lyl+ 5P+ [ ive)(de)
B
where j\(u) := ;(exp(Au) — 1 — Au). Also assume that

1. |¢p(X7)| is essentially bounded, i.e., ||p(X1)|l0o < 00. Moreover, ¢(-) is bounded
and Lipschitz continuous w.r.t. x.
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2. For each M > 0, for every (z,y,2,%) € R" x R x R? x L2(E,v;RY) and
(2,9, 2, 0') € R" x R x R? x L2(E,v; RY) satisfying the relation

(|$‘, |'T/|7 |y‘7 |y/|7 H¢||]L°°(V)7 ||w/H]L°°(V)) S M

there exists a positive constant Ky; possibly depending on M such that

|f(t7 x? y’ Z7 /lp) - f(t7 I/’ y/7 Z/7 /l/b/)l
< Kulp(lz = 2') + [y = ' + ¥ = ¥ [lLew))
KL o] 121+ [l + 1 el — 2]

Here p(x) is bounded and globally Lipschitz continuous, w.r.t. z, with p(0) = 0.

8. f(t,--) is CH[0,T]) and a-Hélder continuous with some 0 < o < 3 int
uniformly for every (x,y, z,v).

Assumption 3.4.3 (On (u,0,7)). The following conditions are satisfied

1. There exists a unique strong solution X to the FSDE (3.2.1) such that X €
SP[0,T] for any T > 0 and p > 1.

2. oo is positive-definite for (t,z) € [0,T] x R".

3. Forte[0,T)]

max(|u(t, )|, |o(t, z)], |y(t, 2, e)]) < C(1+ |x).
4. The globally Lipschitz continuity condition is satisfied for a constant C' inde-
pendent of (t,x,z")
IIlaX(|/L(t, I) - M(t7 [L‘/)|, ’0(t7 I) - U(t7 ZL’,)|, h/(t? xZ, 6) - 7(257 [E,7 6)‘)
< Clz — 1|

5. (p,0,7) are CL([0,T]) and a-Hélder continuous with some 0 < a < & for every

(x,e) uniformly in t.

6. v satisfies for 0 < 6 <1

Cil’x o I‘/‘ < ’(SL’ o x/) +0 (V(ta Z, 6) o fy(t?xlv €)>| < C|I - .13/|
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where C' > 0 is independent of (t,z, 2’ e) and for 0 < a < 1

”}/(t,ﬂf, 6) - P)/(tlwr/a 6)’ < C ("I - w/‘a + ‘t - tI’%)
(@ =2+ 0 (A3, ¢) =5 (E, 2!, )] < Mo (o — o] + ]t = ¥]})

where My > 0 is a constant independent of (t,t', x,z’).

7. TE(t,x;v,y) < Crexp (—CQ (Lf’:tg)cL> for positive constants (C1,Cs) independent
of (t,v,y,x), some 0 < a < % and any 0 <t <v < T, where I'}(t,z;7,y) is the

transition density of X}, satisfying

T T

XETe :/p(v,x) dv—l—/a(v,x) de—i-//’y(v,:c,e)]\?(dv, de) X" =g,
t B

t t

Also T'(t,x;v,y) < Cyexp (—C’g ly—c| ), where I'(t, z;v,y) is the transition den-

(o0
sity of X. Therefore, for any g > 0, we have ZQP(SupUE[LT] |X§t’$)| >1) =0 as
[ — oo.
Under Assumptions|3.4.2] and (Fujii and Takahashi, 2016a, Assumption 4.1),
the QEFBSDEJ (3.2.1)) has a unique solution (X, Y, Z, U) in the space S0, T] x S x
HZ o X Jamo (see [Fujii and Takahashi| (2016a)) and also Appendix [A.4)).

Remark 3.4.4. As long as the approximating sequence of Lipschitz coefficients im-
plies weak convergence of the approrimate Lévy process, the conditional expectation
of the approximate process will also converge to the conditional expectation of the true
one under suitable uniform integrability conditions. For more details on the reqular-

1zation arguments, please see the following section.

3.4.3 Approximations

Smoothing

Because our numerical approximation scheme requires higher order derivatives of the
coefficients, it is necessary to have smooth approximate coefficients. First, we need

the following lemma
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Lemma 3.4.5. For functions (u, 0,7, f,¢) which are globally Lipschitz continuous
in variables (x,y, z,w,e), we can find sequences of CYX functions {un}s>,, {on},,
{w}izs, {fnhizy and {dn}32,, such that, with k = p, 0,7, f, ¢

sup |kn(t, z,y, z,w,e) — k(t,z,y, z,w,e)| < Dy, (3.4.1)
(t,z,y,2,w,e)€[0,T|x Rr+d+tatlx F
h—o0
|kn(t, x,y, 2, w,e) — kp(t, 2’y 2w’ e)| < C1O — O
h>1

where © = (z,y, z,w), C > 0 is independent of (t,xz,x',y,y, 2,2, w,w',e) and D}, >0

is independent of (t,x,y, z, w,e).

Then, we have the following theorem

Theorem 3.4.6. Assume that the functions (u, 0,7, f, ) are globally Lipschitz con-
tinuous in spatial variables (z,y, z,w). Denote by (X(h),Y(h), ARE U(h)) the unique
solution to the L-FBSDEJ with coefficients (in, on, Yn, fn, on) and by (X,Y, Z,U) the
unique solution to the L-FBSDEJ with coefficients (i, 0,7, f,®), then

- x

Y™ =Y, Z2W = Z,UW — U)oy gy £ Cn Nlim Gy =0.

$2[0,7) h— 00

The constant Cp, > 0 depends on T and h.

Localization

Next, we introduce a localization argument to the coefficients (up, on, Yh, fr, &n). As-
sume two sequences of compact subsets of R" denoted by {U,}2°, and {V;}32, with
Us © Ussr, Vo © Verr, Us © Vi, U2y Us = R and U2, Vi = R”. Define puyq, s,
on,s and fp 5 as C’bl’x or Cy functions which are equal to j, Y, ¢n and fi, in Us and
vanish outside V;. Define o0y, 4(¢,2) = o(t, Ts(z)). Then, with the a priori estimates

in Lemma [A.4.3] we can prove the following theorem

Theorem 3.4.7. Assume that the functions (fn, On, Yh, fr, @n) are globally Lipschitz
continuous in spatial variables (z,y,z,w). Define by (X(hvs),Y(hﬂs), AGDN U(’“S)) the
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unique solution to the L-FBSDEJ with coefficients (fn.s, Oh.ss Yh.ss Ph.ss fns)s then

HXWS) —x®

(hs) _ v(h) 7(hs) () 77(hs) _ 77(R)
S%[OvT] + ||(Y Y 7Z Z ’U U )HKQ[O,T] S Ch,s

with limg_,o Cp, s = 0 and

Hf(X(h’s)) - f(X(h)) Hsg[o,T] < Chs lim Cj,s =0

§—00

for smooth function f with bounded derivatives of all orders. Cy s > 0 depends on T,
h and s.

Non-degeneracy Transformation

Our scheme uses Picard iteration to linearize the L-FBSDEJ and relates the linear L-
FBSDEJ obtained to a linear parabolic PIDE. To validate the representation results,
a uniform ellipticity condition on ¢ is required. However, we only assume that oo™
is positive-definite. This section seeks a solution to this problem. The following

assumption is needed

Assumption 3.4.8. The smoothed coefficients satisfy
CTon(t,x)op(t,z)T¢ >0 Vz,( e R vVt € (0,7 Vh > 1.

Assume that there exists a uniformly elliptic matriz I(t,x) (or I hereafter) with
bounded and sufficiently smooth elements such that I(t,z) toy(t,x) has eigenvalues

that have positive real parts and are bounded and smooth in (t,x).

Then, after we localize the coefficients, the following holds when z € R"
0 < (Tops(t,x)ons(t, )¢ < My ¢ Va,(€RI vte[0,T]  V(h,s).

Here M, ¢ is a constant depending on (h,s) only. Without loss of generality, we
assume that oy, is a square matrix and either det(oy, ) > 0 or det(op,) < 0 holds
almost everywhere under the product Lebesgue measure on B([0,7]) @ B(R"). Let

Yhs = ah,sa,Tl sand Xy o = Xp o+ %I, where I is the matrix of appropriate dimension,



35

then we know that X, ;; satisfies the uniform ellipticity condition. For the case where
_ 1 1

det(on,s) > 0, then op; = ons + - [(ons + Z21) (ons + 1)) (ons + 551) + 721

is the candidate new diffusion matrix. The related o} ; and ¥p 5; = ahsiah” are

uniformly elliptic, bounded and smooth in (¢, ). This is because | det (oy,s + ‘ >

| det(on,) |+ | det(T)

(2005). For the case where det(oy,5) < 0, we choose
Ohsi = Ohs + %[(ths — \/%I) (O'h’S — %I)T]*l (0h7s — %I) — \/%I. Then, we have the

following theorem

Theorem 3.4.9. Let Assumption [3.4.8 hold and assume that (pu, on, Va, fn, &n) are
globally Lipschitz continuous. Denote by (X0 Y (s Z(hsi) hsid)) the unique
solution to the L-FBSDEJ with the coefficients (fns, Onsis Yhss fhs, @ns). Then we
have

||X(h,s,i) o
+ Hz(h,s,i

+ Hy(hsz

=Yl

+ HU(h’S’i) - < Chsi lim Cj,; =0.

h,s,i—00

o Z||H°°[0,T] UHJOO [0,T]

Here constant C,s; depends on (T, h,s,1).

Remark 3.4.10. Because of Theorem we will always assume that oo™ is uni-

formly elliptic.

In what follows, we work under the following assumption

Assumption 3.4.11. Assume that (u, 0,7, f,¢) € C’bl’x for all (t,x,y,z,w,e) €
0, 7] x Rr4+20+L and o is uniformly elliptic. They are the result of the above molli-

fying operations of smoothing, localization and non-degeneracy transformation.

3.4.4 Error Bounds and Convergence

From now on, we assume that all the coefficients are regularized as indicated previ-
ously. We then compute error bounds and establish convergence for our approxima-
tion scheme based on Euler discretization. First, we have the following well-known
theorem (Theorem , e.g., (Menaldi and Garroni, 1992, Theorem 3.1, Chapter
I1).
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Theorem 3.4.12 (Existence and Uniqueness Result for PIDE (3.3.1))). Under As-
sumption |3.4.11), there exists a unique Cbl’2([0,T] x R") solution to the PIDE system
(3.3.1).

In addition, the following theorems hold.

Theorem 3.4.13 (Convergence of Picard Iteration). Under Assumption|3.4.11, we

have

|(Y,2,U) = (Y®, z® g®) < Cé*

Hg@ 0,7]

where C' 1s independent of € and C' and 0 < € < 1 are independent of k.

The proof of Theorem [3.4.13| is a direct consequence of the proof of the a priori
estimates documented in (Halle, 2010, Theorem 3.2) and (Halle, 2010, Lemma 3.3
For non-Lipschitz case, we refer the interested readers to [Fujii and Takahashi| (2016a))
for the method to Lipschitzianize the quadratic-exponential driver f in a convergent
way. Notice that the definitions of norms in (Halle, 2010, Section 2.2) involve a
parameter 3, while the definitions of our norms are special cases with g = 0. However,
it should be understood that ||Y|s, < [|Y|s,, whenever 0 < 51 < (5. Also, the
discussions in Halle (2010) apply to the case where the Poisson random measure is
1-dimensional. Extension to ¢-dimensional is straightforward. Therefore the error
bound in Theorem [B.4.13 follow. We also need the next three theorems to establish

convergence

Theorem 3.4.14. Under Assumption|3./.11, we have

T—1t
k k k kv kv kv
H(y( ),Z( ),U( )) _ (y( ),Z( ),U( ))Hj@[tﬂ < C( - )
where C' is independent of n and (Y(k’”), Zkv) U(k’”)) is the intermediate solution at
each Picard iteration by plugging vy ., instead of the true solution u®  into the driver
f.

!Note that, Halle| (2010) only considers 1-dimensional BSDEs. However, the generalization of
the results to multi-dimension case is obvious.
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Theorem 3.4.15. Under the Assumption|3.4.11, we have the following error bound

and convergence

2 10, 2) — 0207 tas)| <0 () gl <

n

lim sup ‘86 )ty z) — ° Vg (to, T ‘ =0 1Bl < 1.

n—-+o0o zERT
Here u'® is defined in Section and vi, , (to, v) is defined in Equation (3.3.8) and
the convergence is point-wise. The constant C' depends on (T, k, [3).

Theorem 3.4.16. Under Assumption |3.4.11, we have for m > 4 and n sufficiently

large

T —1t
02 a0~ D2, 0] < O () Bl <1
and
hrf |8ﬁvkn(t0,mo) 86ukmn(t0,mo)| =0 18] < 1.
n—

The constant C' depends on xo and (T, k, 3, m), and the convergence is established at

initial point (to, o).

Based on Theorems [3.4.13] [3.4.14] [3.4.15| and [3.4.16] we have the final error bound

Theorem 3.4.17. Under Assumption|3.4.11, we have for a sufficiently large n with
m >4

||(Y7 Z,U) — (Y(k’m’n), Zkmm), U(k’m’n)) Hx?[o,T]

T t

where Chs; 15 the error introduced by smoothing, localization and non-degeneracy
transformation, {U¢}¢>1 is the set of compact sets that serves to localize the interme-
diate solutions at every Picard iteration, ¢ is the index of the sequence of the compact
sets Ue and lim¢_,o, Cc = 0. The constant C' depends on (T, k,(,m, s).

The proof of Theorem [3.4.16| can be found in Appendix and Theorem

follows from the fact that, if the error bound holds at every (to, (), then for gen-
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eral (¢, X;) it also holds. There is an issue with respect to Lemma Mollifying
theory is applied and a multi-dimensional integration is needed to evaluate the mol-
lifiers. Note that, integration, especially in high-dimensions, is not easy in general.
However, in the worst case we can apply Monte-Carlo simulation to evaluate the ap-
proximate smoothed functions and their higher order derivatives. Convergence can
be established because of the strong law of large numbers. We leave this exercise to

the interested readers.

Remark 3.4.18. In theorems|3.4.16| and|3.4.17, we assume that |5| < 1. The results
can be generalized to the case where |5| > 1 with m, the order of Taylor expansion,
satisfies m — | 5| > 3.
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Chapter 4

Financial Applications

4.1 Outline of This Chapter

This chapter illustrates the financial applications of our methods. We first discuss Eu-
ropean contingent claim valuation. Then, we introduce two dynamic portfolio choice
problems. Various financial econometric topics for stochastic differential equations
with jumps are studied using our numerical expansion methods. Numerical examples

are given with comparisons to some selected methods in the literature.

4.2 European Option Pricing

This section applies the algorithm introduced in Section to a Furopean option
pricing problem in an incomplete market. The exponential Ornstein-Uhlenbeck model
as detailed in, e.g., Fouque et al.| (2011) gives a very good fit to market prices but
is notoriously hard to use computationally for option pricing. The evolution of the

underlying asset price S = (S¢)cjo,r] under the physical measure P is

ds; = (r +00° exp(Xt))St dt + o exp(X;)S, dw}, So = s € Ry,

dX, = (0 — kX,)dt + o~ dW?, Xo=2€R,

where W1 and W? are standard P-Brownian motions with correlation coefficient
p- Note that the volatility-driving process X = (X¢):cjo,r7, Which is an Ornstein-

Uhlenbeck process, affects the stock returns. Consider a European derivative with
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terminal payoff ¢)(S7) at the maturity date 7. It is known that the FBSDE associated
with the price Y of the derivative is

dS; = (r + O0° exp(X;)) Sy dt + 0 exp(X;) S, AW}, Sy = s,

dX, = (0 — kX,)dt + o* dW?, Xy =1z,

dY, = —(rY; — 0z} dt — Z,dW,, t€[0,T], Y7 = 9(Sr).

Here W = (WY, W?), Z = (Z', Z?) and
1
Y, =p(t,Sp, Xy) = By |exp(—r(T —t) — 562(T —1) — @(le“ - th)ﬁp(ST) )

for some function p by linearity and Markovianity of the BSDE.

In our numerical experiment, the payoff function of the derivative is set to

Y(S) = ®(—d-) K exp(—re) — ®(—d;)S,
_ log(£) + (r + 1(05%)%)e

oBS .\ Je ’

where ® is the standard Gaussian CDF. Note that when € — 0, the payoff function

dy

¥(S) — (K —S)*. Hence, ¥(S) serves as a smooth approximation of the non-smooth
put payoff function (K — S)*. Figure contains the plots of implied volatility
obtained from inverting expansion prices using Black-Scholes formula. The 95%-

confidence bands are computed for a (slow but accurate) Monte Carlo simulation.

4.3 Merton’s Problem with Incomplete Markets

The second application is Merton’s portfolio selection problem with incomplete mar-
kets, formulated in |[Liu/ (2007). We compare our method with [Bick et al.| (2013) and
Briand and Labart| (2012)). In Bick et al. (2013), the authors try to find a near op-
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X =0.80,p = —0.70 X =0.80, p = —0.90

0233 ~0.2 -0.1 0 0.1 0.2 0.3 0233 ~0.2 0.1 0 0.1 0.2 0.3

X =1.00, p = —0.70 X =1.00, p = —0.90

0.291

0.281

0'363 -0.2 -0.1 0 0.1 0.2 0.3 0 =K -0.2 -0.1 0 0.1 0.2 03

Figure 4-1: Implied volatility as a function of log-moneyness for the model con-
sidered in Section 4.2, The solid lines represent the implied volatility curves ob-
tained from the expansion approximation of the price. The dotted lines are 95%-
confidence bands of implied volatility as obtained from a Monte Carlo simulation.

In all four plots, the following parameters are fixed: T = %, r=0,0° = 0.24,
k= 0.20, = 0.00, 2% = 0.60, € = 0.50, Sy = 1.00 and X, = 0.00.

timal solution by linearizing the unspanned price of risk functions and |[Briand and
Labart, (2012) uses Wiener-Chaos expansion to construct their numerical method to

solve BSDEs. The optimization problem is

where A(x) is the set of admissible portfolio processes given initial capital x and X
is the wealth process which evolves according to

dx;*

W = T(t,Y;) dt+7rt0(t,}/;)<@(t,}/;) dt + th) X(;nx = .
t

We omit the integrability and adaptivity conditions for brevity. Also, O(t,y) =
o(t,y)T[o(t,y)o(t,y)T] " (u(t,y) — r(t,y)) is one choice of the market price of risk

function (as the market is incomplete). It is the projection of all market prices of risk
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on the manifold spanned by the columns of the volatility matrix. W is a standard

d-dimensional Brownian motion and Y € R¢ is a vector of state variables satisfying

the SDE
AY; = a(t, Y) dt + B(2,Y;) AW, Yo = uo.
There are n risky assets with prices S € R, | such that n < d and
dS; = Dg, (u(t, V) dt +o(t,Yr) th) So = s

where Dg, is a diagonal matrix of dimension n x n with diagonal elements S;. The

quadratic FBSDE for ¢(t,y, =), satisfying equation

Y;faft

T
oY &) = E / £ (N6 du

where A* is defined in (He and Pearson, (1991, Section 6), I(z) = 2™ =, & is the state

price density the agent uses in the incomplete market setting to infer his optimal

1

portfolios. g can be represented by g(t,y,z) = (A;) " exp(h(t,y))z®, where a = 1 — 5

is a known constant and x stands for the state price density, is

dY; = a(t,Yy) dt + B(t, ;) dW; Yo = o
d‘/;ﬁ - _f<t7 }/757 V;f) Zt) dt + Zt th Vr =0
£(t,9,0,2) = ~5 = ISP I — a0t y)z — ar(y)

+%ma—1w66ww2

O(t,y) = olt,y)T[o(t,y)ot, y)T]  (u(t,y) —r(t,y))

P(t,y) =T —a(t,y)T[o(t,y)o(t,y)]  o(t,y).
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Here V; = h(t,Y;). The FBSDE is derived from the PDE in (He and Pearson, (1991,
Theorem 7) using the well-known nonlinear Feynman-Kac theorem. Although lack-
ing theoretical justification (the relation between the FBSDE and the PDE is not
guaranteed to hold under our setting), it is shown that the numerical solution of the
FBSDE converges to the true solution of the PDE given in (He and Pearson, 1991}

Theorem 7). In this example, we take Y = (0, r)

do, = k*(\? — 6,) dt + o’ dW/ 0o =1
dry = k"(N" — ) dt + o"/ri d(pW] 4+ /1 — p2W) ro ="
d

TSf — (14 6,) dt + oS0 WP + 05T AW So = 50

where b is a positive constant and bf; is the risk premium of the stock. Then the

coeflicients of the PDE are
a(t,y) = (K7 (X = 6,), K" (X" —1y))

Bt y) = < ” . ) :
o p\T o\ 1— pPT

A closed-form solution to this problem can be found in |Liu (2007). Figure 4-2fcontains
the error plots for parameter values kg = 2.00, Ay = 0.30, 09 = 0.20, s, = 2.00,
A = 0.01, o, = 0.10, b = 0.20, 0% = 0.15, o°" = 0.00, R = 3.00, T = 10.00,
p = —0.50. The running time of our approximation is 40 seconds for maturity 10 years
with Taylor expansion order 2 and time discretization 2,000, on an Intel 7 computer.
The plots in Figure|4-2|show the surface of the errors between the approximate optimal
wealth function and the true one as initial interest rate and market price of risk vary.
In Tables and [£.2) we compare the first expansion scheme with the method in
Briand and Labart| (2012) for a maturity of 0.20 and 1.00 years.
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Relative Error

Relative Approximation Error for Optimal Wealth

%107

Relative Error

Absolute Error

Absolute Approximation Error for Optimal Wealth

Figure 4-2: Absolute and relative errors in optimal wealth between the expansion
solution and the true closed-form solution as functions of the interest rate and the
market price of risk. Parameter values are kg = 2.00, Ay = 0.30, 09 = 0.20, Kk, =
2.00, A\, = 0.01, 0, = 0.10, b = 0.20, 0> = 0.15, ¢°" = 0.00, R = 3.00, T' = 10.00,
initial wealth x = 1.00 and p = —0.50. The order of Taylor expansion is 2 and the

number of time discretizations is 2, 000.
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T = 0.20 for Optimal Wealth Function
Briand and Labart’s Method Expansion Method
(S,C) ‘ Time ‘ Abs Relative Error | N ‘ Time ‘ Abs Relative Error
(10000, 11) | 1.3434 6.1585% 10 | 0.2031 0.1344%
(15000, 12) | 2.1094 5.9610% 20 | 0.4219 0.0508%
(20000, 13) | 3.0861 5.4113% 30 | 0.6563 0.0245%
(25000, 14) | 4.3176 4.9130% 40 | 0.8594 0.0116%
(30000, 15) | 6.0767 4.6795% 50 | 1.0313 0.0041%
(35000, 16) | 8.1127 0.0246% 60 | 1.2500 0.0010%

Table 4.1: Efficiency Table. Parameter values are kg = 2.00, Ay = 0.30, gy = 0.20,
ky = 2.00, \, = 0.01, 0, = 0.10, b = 0.20, 0% = 0.15, 05" = 0.00, R = 3.00,
T = 0.20 and p = —0.50.

T = 1.00 for Optimal Wealth Function
Briand and Labart’s Method Expansion Method
(5,C) | Time | Abs Relative Error | N | Time | Abs Relative Error
(10000, 11) | 1.3794 1.6302% 10 | 0.2188 1.8370%
(15000, 12) | 1.8505 1.6302% 20 | 0.4219 0.7994%
(20000, 13) | 2.8979 0.8035% 30 | 0.6563 0.4859%
(25000, 14) | 4.1904 0.3902% 40 | 0.8906 0.3350%
(30000, 15) | 5.9301 0.1786% 150 | 3.8125 0.1601%
(35000, 16) | 8.1127 0.0648% 400 | 9.6094 0.0541%

Table 4.2: Efficiency Table. Parameter values are the same as Table .

(S, C') is the number of simulation paths and of time discretizations. Columns 1 to 3 of
Tables and report the results of Briand and Labart| (2012)), where the number
of chaos is 2 and the order of Picard iteration is 5. The remaining columns contain the
results from the proposed expansion method. N is the number of time discretizations.
Errors are computed as absolute values of relative errors. Time to maturity is 0.20 and
1.00 years. Figure compares our method with that of |Bick et al.| (2013]) (strictly
speaking, Bick et al.| (2013) consider a more general problem with labor income, here
we apply their technique to solve the problem in this numerical example) for the
same parameter values as in Figure with maturity 0.20 years. Strictly speaking,

the driver of this quadratic FBSDE, although yielding a unique closed-form solution,



46

‘4 x10°8 Efficiency Plot
—©—Expansion
O BKM
1.2
1
w 0.8
[an
(%]
=
T o6
0.4
0.2
n=>50
\9\“ n =60
0 | | | | I ——
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Figure 4-3: Comparison with Bick, Kraft and Munk’s (BKM’s, Bick et al.| (2013))
Method in RMSRE-Running time space. The solid line corresponds to the expan-
sion solution and the blue circle to BKM. The parameter values remain the same as
in Figure but time to maturity 7" is 0.20. The order of Taylor expansion is 2 for
all the points on the red curve. Red circles correspond to time discretizations. Al-
though accurate in our experiment, BKM’s method is not convergent. Its error will
therefore not go to zero as the computation time budget increases.
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does not satisfy the boundedness condition on the state variables (r,6). However,
it seems that numerically our expansion solution converges. This suggests that the
boundedness assumption on the coefficients of the QEFBSDEJ to guarantee that the
solution exists and is unique, may not be essential for implementation of our numerical

scheme.

4.4 Utility Maximization Problem for An Insurer

Next, consider the utility maximization problem in (Delong, 2013, Chapter 11) of
an insurer (an investor) who can trade in a financial market with risky asset X to
meet a stream of liabilities P and maximize expected utility of terminal wealth. The
dynamics of the risky asset X and insurance payment P are given in Equation (4.4.1]).
Suppose that the insurer has an exponential utility function. The optimization prob-
lem is

(0,z) = sup E[—e 7]

TEASXP ()

where « is the absolute risk aversion parameter of the investor, II™ is optimal wealth,
7 is the optimal portfolio and A®P(z) is the set of admissible portfolios for initial

wealth . Wealth II™ satisfies

= m(pu(vy) dt + ox AW,) + (I} — m)rdt — (H(P,) dt + G(dN, — A dt))
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where II7 = z and XY is the locally riskfree asset with interest rate r. The FBSDE

that characterizes the optimal solution is (see (Delong, [2013, Chapter 11))

dXt = ,u(Xt) dt +o0x th XO =29
dP, = H(P,)dt + G(dN; — A dt) Py =po
X,)2 X 44.1
dYt:(#( t2) L t)Zt_H(Pt) (443)
200% Ox

1
— (a(ea@“’t) —1) - Ut> )\) dt + Z, dW, + Uy(dN, — Adt) Yy =0

where (k,60,0,,0x,a,G, Hp,\) are constants and the FBSDE (4.4.1) satisfies As-

sumptions [3.4.2} [3.4.3| and [3.4.11] Here p(x) = x(6 — x) when || < M, p(z) =0

when |z| > M +1. Likewise, H(z) = Hpx when |z| < M, H(x) = 0 when || > M+1.
Different pieces are concatenated smoothly and M is a large integer, for example 10,
such that the functions p and H behave like linear functions. Further, denote by A
the constant intensity of the Poisson process N;. X is the risky asset price, P is the
insurance payment, Y is related to the value function ®(-, x) and is defined such that
T = i (Zt + %X;)) is the optimal portfolio.

Finding the numerical solution to this problem is challenging because this FBSDEJ
has an exponentially growing driver. Although we might get numerical convergence
with the schemes that only apply to Lipschitz and linearly growing drivers, theo-
retical convergence is not guaranteed. Second, the diffusion matrix of the FSDE is
degenerate. We therefore need to use the non-degeneracy transformation argument
introduced in Chapter [3

The parameters are k = 0.20, # = 0.20, 0, = 0.15, ox = 0.20, Hp = 0.20,
G =001, a=050, F=0, Xg =1, B =0.10, A = 0.25 and T" = 1.00. Table 4.3
illustrates the numerical behavior of the expansion scheme. A computation budget of
10 Picard iterations, 1,000 time discretizations and Taylor expansion order 12 gives

a value of 0.342753, which we use as the benchmark solution to compare with. Note
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that this example violates the Lipschitz assumption made in almost all the current

references on numerical solutions to FBSDEJ.

’ Picard ‘ Discretization ‘ Expansion ‘ Value ‘ Time ‘ Abs Relative Error ‘
0 1 1 0.261494 | 0.0000 23.7077%
1 2 2 0.263722 | 0.0000 23.0577%
2 5 2 0.313304 | 0.0156 8.5919%
3 20 2 0.335203 | 0.1406 2.2028%
4 50 3 0.339808 | 0.7500 0.8592%
5 100 3 0.341357 | 2.7813 0.4073%
5 200 3 0.342134 | 4.7813 0.1806%
5 400 3 0.342524 | 9.4219 0.0668%
5 800 3 0.342719 | 18.5938 0.0099%

Table 4.3: Efficiency Table. The parameters are K = 0.20, 8 = 0.20, o, = 0.15,
ox =0.20, Hp = 0.20, G =0.01, a =0.50, F =0, Xg =1, P, =0.10, A = 0.25 and
T = 1.00.

We compare the expansion method to a recent simulation-based procedure proposed

by Lejay et al. (2014). The performance of the method in Lejay et al. (2014) is

summarized in Table [£.4]

’ Time Discretization and Simulation \ Value \ Time \ Abs Relative Error ‘

50 0.4238 | 0.0029 23.6459%
100 0.3974 | 0.0106 15.9436%
200 0.3928 | 0.0220 14.6015%
500 0.3897 | 0.0937 13.6970%
1000 0.3810 | 0.4385 11.1588%
2000 0.3780 | 2.0820 10.2385%
2000 0.3755 | 16.3869 9.5541%
7000 0.3584 | 37.2857 4.5651%

Table 4.4: Efficiency Table. The parameters are k = 0.20, ¢ = 0.20, 0, = 0.15,
ox =0.20, Hp = 0.20, G = 0.01, «a = 0.50, F =0, Xg =1, P, = 0.10, A = 0.25 and
T = 1.00.

The method in |Lejay et al. (2014)) is straightforward and fast. However, it imposes

a large memory requirement by letting the number of time discretizations equal the

number of simulation paths. Because the running time already exceeds our expansion
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solution when the approximate value is still away from the true solution, we can claim

that our method dominates in this specific example.

4.5 Density Expansion for SDEs with Jumps

In this section, we develop a transition density approximation scheme for stochastic

differential equations with jumps. We first describe the SDE and the assumptions.

4.5.1 The SDE Considered

We study the following time-inhomogeneous multivariate stochastic differential equa-

tion with jumps (MSDEJ)
dX; = p(t, X¢|0) dt + o(t, X,|0) AW, + /W(t, X, el@)N(dt, de]d)  (4.5.1)
E
XQ = 29

where we explicitly state the dependence of coefficients (p, o, y) on the model param-
eters 6, which is a g-dimensional vector taking values in a compact subset © of RY.
Now, we introduce some spaces which are useful to carry out further analysis. In this
chapter, we might drop 6 from (u, o,~) whenever doing so causes no confusions. For

a R"-valued function z : [0,7] — R", let the sup-norm be
|2]la,p) == sup{|z:l, t € [a, ]}

o SP[s, t] is the set of R"-valued adapted cadlag processes X such that

5]

1
1X sz == B[IX@)IE, 5| < oo.
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o Si[s,t] is the set of R"-valued adapted cadlag processes X such that

< 0.
§7[st]

X

sup | Xo|
vE|s,t]

Sk[s,t] *—

Let C)X(D) be the space of bounded functions that have continuous and bounded
derivatives up to order y in the domain D C R", and CX(D) the space of functions
that have continuous derivatives up to order y. In addition to Assumption [3.4.3]
we also suppose that Assumptions (3,5,6,7), described in (Yu, 2007, Appendix A),
hold. These assumptions are necessary for our problems to be well-defined and have
solutions.

In this chapter, we will use a closed-form expansion to approximate the transition
density of MSDEJ , prove convergence and discuss the relevant asymptotic
properties of the MLE estimator based on the approximate density and score function
of MSDEJ (4.5.1)).

Because the error bounds and convergence results are only established for MS-
DEJs with C’él’oo)([(), T x R") coefficients and diffusion matrices uniformly elliptic,
the following approximations are introduced: (i) smoothing, (ii) localization and (iii)
non-degeneracy transformation. The idea is to approximate the original MSDEJ with
a sequence of MSDEJs that have coefficients with desired properties.

The detailed mollifying arguments can be found in Chapter [3] Because of the

above four approximations, we make the following assumption

Assumption 4.5.1. (u,0,7) are the result of the smoothing, localization and non-

degeneracy transformation arguments.
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4.5.2 The Transition Density Approximation

Let I'(¢,z; T, y) be the transition density. From [Filipovi¢ et al.| (2013)), we have

)}:Zp“Tx (TjJ

J=0 |a|=3

It 7o) = o St

where w is a probability density function and {p,}. are the orthogonal polynomials

related to w (for details see Filipovi¢ et al.| (2013)). Denote

FJ(t,:c;T,y):w( )i (T, z)p (yT_—xt)

where

XT—I
co(t, T, x) = s 4 | Pa
- (5]

and conditional expectation operator E;,[-] := E[-|X; = x]. We refer the readers
to Chapter |3| for the computation of ¢,. Denote the approximate coefficients as
Ca,mn, Where m denotes the order of Taylor expansion and n the number of time

discretizations. We have

Theorem 4.5.2. Denote com(t, T, x) as the approximate evaluation of

X+ —
ca(taTa ZL‘) = Et,m |:poc( ;_xt):| .

Then, we have

T—t
sup |co(t, T, x) — Camn(t, T, x)] < O( )

zeR"” n

where the constant C' is independent of x and n but might depend on m, t orT.

Proof. The proof follows from the weak convergence of the Euler discretized MSDEJ
to the true MSDEJ, the localization argument and the relevant proofs in Chapter
3l [
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It follows from Menaldi and Garroni| (1992)) that I'(, z; T, y) is uniformly bounded
in (z,y) under Assumption |4.5.1} In addition, we have the following convergence

theorem

Theorem 4.5.3. Given the Assumptions |3.4.5 and |4.5.1, denote the approximate

transition density U jmn(t,z;T,y) == w (%) Zi{x\:o Caymn(t, T, T)pa (\‘}’%) with
coefficients comn(t, T, ), we have

sup  |Typmn(t, 2T y) = T(t, 2T, y)| < Crmm
(z,y)eR?"

where Cjpp is a constant independent of (x,y) and

lim lim Cy,,, =0.
J—00 n—00 B

The limit above is sequential in (n,J).

The proof of the above theorem can be found in the Appendix [A.6]

Note that, the above results are valid under Assumption [4.5.1 The coefficients in
that assumption are the result of smoothing, localization and non-degeneracy trans-
formations. Let us, from now to the end of this section, denote the solution to the
original MSDEJ as X and the mollified MSDEJ X (®5%) where (h, s,7) means smooth-
ing, localization and non-degeneracy transformation, respectively. We then have the

theorem below from the L? convergence of X 5% to X

Theorem 4.5.4. Under Assumptions|3.4.5 and[/.5.1, we have

li r Sit7 aTa :Fta aTa
i Lot 2 Toy) = It 25T, )

m a porntwise sense.

Later on, we will use the full notation I'y, s ; jmn(t, z; T, y) to denote the approxi-

mate transition density.
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4.5.3 Relations to Other Methods

We compare our method, theoretically, to other methods in the literature along var-

ious dimensions. Table provides a summary.

’ Categories ‘ Multi-Dim ‘ Diff ‘ Jump ‘ Time-Inhom ‘ Arb-Coeffs ‘ Convergence

AS2002 No Yes | No No Yes Asymptotic
AS2008 Yes Yes | No No Yes Asymptotic
Yu2007 Yes Yes | Yes No Yes Asymptotic
FMS2013 Yes Yes | Yes No No Global
Choi2015 Yes Yes | No Yes Yes Asymptotic
Li, Chen 2016 Yes Yes | Yes No Yes Asymptotic
This Thesis Yes Yes | Yes Yes Yes Global

Table 4.5: Theoretical Comparisons. The references are |Ait-Sahalial (2002)), |Ait-
Sahalia (2008), [Yu (2007), Filipovi¢ et al. (2013), |Choi| (2015)) and [Li and Chen
(2016)), respectively.

4.5.4 MLE Estimation

In this section, we discuss the MLE inference problem for the MSDEJ (4.5.1)) with
complete observations. Given a series of observations {z,}5,, we are interested to

find

N

/9\071\1 = argmaxy.q Zlog U(tg—1, e, 3 ta, x,l0). (P)
d=1

However, as discussed previously, it is often hard to compute I' in closed-form. There-
fore, we replace Problem (P) with the following Problem (A)

N

Oh.s,i.Jmmn,N = argmaxy.q § log T s i, gmon (ta—1, Tey_y ta, ©4,10).  (A)
d=1

We first define the following quantities

L;(0) =log'(ti—1, Xi—1:ti, Xi)
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In(0) = Z log I'(t;—1, Xi—1; ti, X;)

i=1

in(0) = ZEe[((?eLi(@)(@eLi(@))T]-

The next theorem provides asymptotic properties for the estimator ghw-’ Jmon, N

Theorem 4.5.5 (Asymptotic Properties). Under Assumptz’on and Assumptions
(3,5,6,7) in (Yu, 2007, Appendiz A), we have, for a fixed sample size N

hm lim lim eh,s,i,J,m,n,N =Py 907]\[.
(hy8,i)—00 J—+00 n—>+00 0

In particular, if we denote by 50 as the true values of the parameter, we have
’é\h,s,i,J,m,n,N — é\O,N‘ =0,(1)
and
Nin(8o) (o — o) = N(0,1,,) + 0,(1)

as (h, s,i, J,n, N) — oo which makes 0y, s; jmnn and by n share the same asymptotic

distribution described in the following

Nin(00)(On sismnn — o) = N(0, L) + 0,(1)

where N(0,1,,) denotes an r-dimensional Gaussian random variable of mean 0 and

unit variance.

The proof of this theorem can be found in Appendix [A.6]

4.5.5 Numerical Experiments

A Comparison to Yu (2007)

The first numerical experiment we consider is the random-walk model

dXt:Mdt+Uth+JdNt X():I().
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Figure 4-4: Error and Density Plots.

Here N is a Poisson process with constant intensity A. The parameter values are
w=0.10, o = 0.50, J = —0.05, A = 2.50. Let x¢ = 0.10 and 7" = 0.02 representing
approximately 1 week. A first order expansion using and our method
yields an MSE of 0.0100 and 0.0047, indicating a smaller MSE for our approximate
transition density.

Next, consider the time-inhomogeneous model
dXt:,UJtdt‘i‘O'th‘i‘JdNt X():ZEO

the MSE for a 10-th order expansion approximation with our method is 0.0006. The
following plot [4-4] shows the difference between the true density and the expansion
approximate one. Note that (2007)) deals mainly with time-homogeneous jump-

diffusions.
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Statistical Inference of Cox-Ingersoll-Ross Model

Now, we compute the approximation to the transition density of the CIR model

dXt = H(Q — Xt) dt + 0‘)(1;y th X() = 29

where Kk > 0, § > 0, ¢ > 0, v = 0.50 and 2xk0 > o2 are the constraints on the
parameters. We set (k,0,0,1x9) = (0.50,6.00,0.35,6.00). Assume that the A = 1/50
representing the weekly frequency and time discretization in between is set to be 100
points. Here are the plots for the true density, approximate density and the absolute

error between the two densities. The MLE-inference results are listed in the following

table
Farameters |rue @alue i—F i—F Slj (5ur I;”;I) Uur Slj AS N”;“ AS Slj
e 0.5000 0.7754 | 0.1031 0.56%6 0.1566 | 05145 | 0.0634
g 6.0000 5.0830 | > 1.00 6.0085 0.4182 | 5.0846 | 0.4176
i 0.3500 0.3726 | 0.0171 0.3563 0.0537 | 0.3228 [ 0.0314
~ 0.5000 0.4966 | 0.0356 0.4943 0.0843 | 0.5478 | 0.0583

Table 4.6: MLE result of density expansion with A = 1/50, Hermite order 3, Tay-
lor order 3, time discretization 5 and 20 years of weekly data. SD means standard
deviation. We take 1000 estimations and compare with Yu-Phillips (Y-P) method
documented in [Kawai and Maekawa (2004)) and Ait-Sahalia’s (AS) method in |ATt-
Sahalial (2008).

Statistical Inference of Cox-Ingersoll-Ross Model with Jumps

The model we consider is

dXt:H(Q—Xt)dt—’—UngWt—f—J(dNt—Adt) X():l'()

where kK > 0,0 >0, 0 >0, J >0, v = 0.50 and 2x0 > o2 are the constraints on
the parameters. We have © = (k,0,0,J,\,z9) = (0.50,0.18,0.70,0.01,0.50, 0.18).
We simulate a trajectory of X based on weekly frequency T = 1/50 and esti-
mate the model parameters. The number of observations is 500. The result is

© = (0.4966,0.1795,0.7031,0.0100,0.4970) with the robust standard deviation, com-
puted using Ait-Sahalia’s online code, (0.0587,0.0223,0.0343,0.0021,0.1048). The
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Figure 4-5: Plots for the true density, expansion density and the absolute error
between two densities. Parameters are (k,0,0,1z9) = (0.50,6.00,0.35,6.00) with
A = 1/50 representing the weekly frequency and time discretization in between is
set to be 100 points. We take Hermite order 3, Taylor order 3 and time discretiza-
tion 5. For the third plot, the left-axis is the value of the approximated transition
density and the right-axis is the error.
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approximate density is computed using orthogonal polynomial order 3, Taylor order

3 and time discretization 6.
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Chapter 5

Conclusions

This thesis proposes two convergent numerical methods to solve non-linear forward-
backward stochastic differential equations, potentially with jumps. The first method
is based on Picard iteration, time discretization, asymptotic PDE expansion and
Taylor expansion. The approximate solution is a function of the coefficients of the
FBSDE and their higher order derivatives. The second method builds on the first
one. It has two additional features. First, it applies to quadratic-exponential FBSDEs
with jumps. Second, it simplifies the first method, in the sense that, it Taylor-expands
the intermediate solutions around the fixed-point zy, at which the solution at time
to is evaluated. This results in a solution with fixed number of terms when we work
backwards in time, in contrast to the first expansion method.

We apply the methods developed to various problems in finance: European deriva-
tives pricing, dynamic portfolio choice with incomplete markets, transition density ap-
proximation for stochastic differential equations with jumps and maximum-likelihood
inference problem. Numerical experiments show the effectiveness of the schemes for
the selected problems, compared to some recent methods in the literature. A by-
product of our schemes is an approximation method to evaluate conditional expecta-
tions of functionals of jump-diffusion processes. This approximation can be used even
in the case of path-dependent functionals. In principle, our methods are applicable
to all problems, financial or non-financial, that can be related to FBSDEs.

Although suitable for many financial applications, our current Taylor-expansion
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based methods do not work efficiently with fast-varying functions (y = f(nx), where
n is a large positive real number), which appear when we mollify non-smooth func-
tions. This is because Taylor expansion involves higher-order derivatives of the target
function and, for fast varying functions, it is only accurate in a very small neighbor-
hood of the fixed expansion point. In order to achieve a desired accuracy, we need to
assume a very small time increment (often of the order O(#)) in the time discretiza-
tion step and this increases the running time. To circumvent this problem, we have to
seek approximation methods other than Taylor expansion, for example, Monte Carlo
simulation and other polynomial expansion methods.

Future extensions of our methods include numerical solutions to more complicated
equations, e.g., coupled BSDEs, (doubly) reflected BSDEs, constrained BSDEs,, 2BS-
DEs and Mckean-Vlasov SDEs. It would also be of interest to improve the robustness
of the current methods. These extensions, which are important and non-trivial, are

left for future research.
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Appendix A

Appendix

A.1 The semigroup operator P{(¢,T)

In this appendix, we collect some basic results concerning the semigroup operator
PE(t,T), defined in (2.3.7). Seen as a function of the forward variable y, the kernel
I'E(t,x; T, y) associated with the semigroup operator P{(¢,T) is a Gaussian density
with mean vector and covariance matrix

m”(t,T) :x+/dt’mx(t/), C“’”(t,T):/dt’C’“"(t’), (A.1.1)

t t

where m® : [0,T] — R® and C*(t) : [0, 7] — R%*? are given by

me(t') = (G?I,O,...,O),O(t/> a?o 1,...,0) o(t) a?o,o 1) o(t/)) )
2a?2,0,...,0),0(t’) ag(z1,1 ..,0),o(t/) agao ..,1),o(t/)

xT / T / xT /
Co () = a(1,1,...,0),0(t ) 2a(0 2 ..,0),0(t ) 0,1 ..,1),0(t )
afl,o,...,l),o(t/) a(io,l,...,l),()(t,) e 2“?0,0,...,2),0(15/)

Let us define the following operator

X*(t,T) :=x+m*(t,T) + C*(t,T)V,.
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As shown in (Lorig et al., 2014, Theorem 2.6), the operator X*(¢, T') has the property

that, for any multi-index (3, the following holds
(07 (8, 1)) D7 (¢, 25 Toy) = y° T (12, T ).
Using the above property, if p is a polynomial, then we have

PE(t, T)p(a) = / TE (1,3 T, y)ply)

R4

= p(DCr(t,T))/ dyTi(t, ;T y) = p(X*(¢,T))1. (A.1.2)
Rd

A.2 Proof of Theorem and Corollary

Proof of Theorem[2.4.8 The proof of (El Karoui et al., [1997b, Corollary 2.1) gives

the following error bound

2
< K6,

n

Hy(k+1) _y®

‘L H ZU0+1) _ 70
n

for n larger than a finite constant 77, where § € (0, 1) is independent of k, and K
is a constant independent of 6 and k. Here the 7-norm || - ||,, is defined by [[£.|2 =
E fOT dt e™|¢;|?. Thus, using the triangle inequality

2

2
|y —v®| +]|z - 2% (A.2.1)
n

"
< Z 9i+1 (HY(iH) v
i=k

Moreover, it follows also from the proof of (El Karoui et al. |1997b, Corollary 2.1)
that § < Z, thus that for all n > 27 we have § € (0,1/2). Next, observe that

2 k
<or (20"
1—20

f L H 7+ _ 70
n

n

’ ’ Y o Y(k,l,m,n)

7 - 2w
n n

(A2.2)

2

o

? X Hy(k) _ y(kdmn)
n

n
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+ HZ AL

? i H 70 _ gklmn)
n

)
L)
Under Assumptions [2.4.5, [2.4.6) and [2.4.7, we have ¥;® = ¢® (¢, X;) and Z® =
V.u® (t, X,)-o(t, X;) where u® solves (2.3.2)). From (2.4.2), it therefore follows that
yEbmn) — ﬂl(f;)m(t,Xt), and zZFmm = Vzﬂl(%n(t,Xt) - o(t, X;). The error bound

(2.4.3) now follows for all n > 7 from (2.4.4), (A.2.1) and (A.2.2) by taking |8| = 1.
The definition of the norm || - ||2 shows that the limit (2.4.3)) holds for all non-negative

n once it holds for one 7. As [|&][3. < ||&]], for every process £ by the definition of
the norms, the bound ([2.4.3)) holds in particular also for the L? norm. O

Proof of Corollary[2.4.9. Given ([2.4.3)), because the constant C' is independent of n,
first sending n to +o00, we know that the last two terms will vanish. Then send k to

+00 and the first term will also vanish. O

A.3 Proof of Proposition

In this section, we prove Proposition [A.4.4l The proof relies on a number of lemmas,
which we establish below.

Lemma A.3.1. Let Assumption hold. Then, for any multi-indices 3,y € IN¢,
there exists a positive constant C, that depends only on T, |y| and ||, such that

(=181

/dy‘(y—w)”afF(t,x;T,y)‘SC(T—t) 2, 0<t<T, =x,yeR’

R4

where T is the fundamental solution of (0, + A).

Proof. We will only prove the Lemma for |5| = 1 and d = 1. Higher order cases
(|8] > 2 and d > 2) are analogous. According to (Ladyzenskaja et al., 1986, Section
4.11), we can express the fundamental solution I'(t, z; T, y) of the PDE (2.3.3) as

T

D(t,2:T,y) = Do(t, 3 T, y) + / ar / Q=[Fo(t, 237, 2)Q(r, T, y)], (A3.1)
t R

where

~

F0(t7 x; T7 y)
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1 1 )
" T 0))Ho(T.y) exp<_4<T “honT )Y Y ) (A32)

and

+oo
Qt,z;Tyy) = Y ()" K(t, 2T, y),

m=1

T
K, (t,z;T,y) = / dt'/ dzK (t, z;t', 2) K 1 (U, 2, T, y),
t R
K(t> x; T> y) = (U(T7 y) - O-(t’ x))8§f0<t7 x; T> y) + ,U(t, x)awfﬂ(tv xZ; Ta y)

Here i corresponds to a; and %02 corresponds to ay as defined in ([2.3.3)). Note that
the T is a Gaussian kernel. It is different from the Gaussian kernel I'? introduced

in the previous sections. Taking the first order derivative with respect to  on both

sides of equation (A.3.1]) yields

T

35F(t,x;T,y)Iaffo(t,x;T,y)Jr/dT/ dz[00To(t, 257, 2)Q(7, % T, ).
t R

Also taking the first order derivative with respect to x on both sides of (A.3.2)) and

setting T = 7 gives

aa:/f()(ta T, y)
B 1 1 1

= =0 T ety (= o)

1 2
*exXp C4(r — H)o2(r,y) (y =) ] '

So we obtain the estimate

R _ 2
OTo(t,aim ) € ——(y—a) eXp(—C — )

(r—1t):
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An upper bound for @ is given in (Ladyzenskaja et al. 1986, Section 4.11)

_ |2
|Q<t,$;7’, y>| S (Tg t) exp (—CM) .

T—1
Combining the upper bounds for Q(t, z; 7, y) and @fo(t, x;T,y), we find

/ dyly — 2|70, I'(t, z; T, y)|

R
< / dyly — 2P10:Fo(t, T, )]

R

T
s [avly—ap [ ar [ @080 w2000 5T
R t R
o © _C’(y—x)2

SR/dy|y x| —(T—t)% exp( —(T—t) )

T
+/dy|y—x|7/d7'/dz |z — x| ¢ -
(r—1)2

R ¢ R

“ ox _C(z—a) C o Cly—=2)?
p( (r—1) )(T—T) p( (T —1) )]

- ~ P ex _M
Sﬁ/dyuf—t)%'y | p( (T —1) )
¥ f ¢ 1
+]R/dy|y—x| t/dT(T_t)g(T—T)
x/dz<|z—y|+|y—x|>exp<—c<($:f>) —Cﬁii’f)
gC(T—t)WT_I,

where in the last step we have used the triangle inequality and the higher order
moments of a multivariate folded normal distribution by differentiating the moment
generating function documented in (3.19) of (Chakraborty and Chatterjee (2013). [

Lemma A.3.2. Define a sequence of functions {®p,,(v)}7_y by the following recur-
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sive relationship

Bpirmla) =SS 2 q)p’” o @1, (A3.3)

J=0 |y|=j

where {v)(z) Di=o and Pom(x) are bounded functions with bounded and continuous
derivatives up to order x and v'®00(z) = 1. Here [x] denotes the integer part of x.
Also assume that the orders pg,,, and p,-) are finite. Then, for sufficiently large n,

we have
1050y ()]l <C, 0<p<n, [B/<m+1, (A.3.4)

where the constant C' does not depend onn or p and || - ||« s the sup norm over the

space of bounded functions.

Proof. We will only prove the lemma for the case d = 1 and coefficients in C}°. The

proof for the other cases is analogous. For ®, ,,, we have

X 6;@077”(95) i _ i+
3un(a) =013 = 7]
=33 (0) E o []
=0 s=0 s Z‘

Denote p = max(pmT1X, pm+1 X p}”“ X), then we have for 1 <j <m+1

10001 ()] < C(L+ (5 + 1)PTHIEIR=Y oo g (j + m) DT —5)
< C(l +(j+ m)(erl)(j*l)n’l +o G+ m)(p+1)(j+m)n*%)
—((j (D) =3)"
<C(14 (j+m)ethE+ny-1 1— (G +m)"n 21)
- 1—(j+m)tn=2
< O(142(2m + 1)PHDm2p =1,

Here we make use of the definition of the order in Definition 2.4.3 and set

Ci= __max_ _(max(|0;omlloo, 10,0" [loc, 105 om0 x 105 0M]|oc)).

1<i<mA4-1,1<k<m
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We also require n to be sufficiently large such that

L= (G +m)en )"
1— (j4+m)e+hn =2

<2

)

holds true. Note that C(1+2(2m+1)P+D0m+2)p-1) is the new constant C' in equation
(A.3.4) for the bound of ®;,, and its derivatives. Following the same rationale, we
have

Iaj%m( )|
C(1+2(2m + 1)PHDm+2) —1)
% (1 +(j+1) (DG =1 4oL (j +m)(p+1)(j+m)n—%)
< C(1+2(2m + 1)PTDme2),= )
X (14 (5 +m) U=t 4o g (5 4 ) TR
< C(1+2(2m + 1)rtDm+2)y )
1= ((j +m)eIn=3)"
1-— (] —+ m)(PJFl)n*%
< O(1+2(2m + 1)), =12,

X (1 + (j +m) DU+~

Continuing the iteration until p = n, we have
1000, (2)] < C(1+2(2m + 1)1 < Clexp (2(2m + 1)PHDm+2)),

Thus, for any 0 < p < n, we have [|02®) || < Cexp (2(2m + 1)) and note
that Cexp (2(2m + 1)(”+1)(m+2)) is independent of n. This concludes the proof. []

Remark A.3.3. Formulas (2.3.12))-(2.3.13)) show that the expansion solution, when

f =0, denoted by ugS, ,(t, ), satisfies the following recursion

uomn t“x Z Z a UOmn i+1 )U(’Y)<£’L’7$)n_ [%]’

J=0 |y|=j

where t; € [ti,tir1) and v s the multi-variate Gaussian moment corresponding to
the multi-index 7y, which is equal to 0)G(v), where v = (v1,va,--- ,v4) and G is
the moment generating function of the multi-variate Gaussian process with transition
density I'j.
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In what follows, C will always represent a constant that depends only on T, m
and [, unless stated otherwise. It will be helpful to indicate the dependence of u on
the terminal data ) and the driver f. To this end, we write u = u(¥) = ¢(¥:0) 4401

with 9 and u(f) given by

(0 + A)ut? =0, u T, -) = 4,

(0 + A)u®) + f =0, WOI(T, ) = 0.

By the linearity of Cauchy problem (2.3.3) we have 0°u = 0°u(®9 + 9%u®F). More-
over, by Duhamel’s principle, the functions 9°u(*?) and 9°u(®¥) are given by

T
Ot T) = [ oLt Tty 3D (t,a) = [ droulf i),
R4 t
where I is the fundamental solution corresponding to (9; +A), that is, I' is the tran-
sition density of the Markov process whose generator is A. Note, we have explicitly
indicated the dependence of the function u(**) on the terminal time T by writing
w0 (t,2;T). We will drop the T-dependence when doing so causes no confusion.

Let us define vl(ffl’f e = vfn as the solution of the following sequence of PDEs

(0 + AG)vG,, + f =0, t€tnn,T),

/Ug,n(Ta ) = 7%
o L (A.3.5)
(@ + AS) vl + > AT, =0,

=1
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and, for j =1,2,3,...,n—1,

¢

(& + Ag)vgm + f = O, t e [tn,jfl, tn,j),

Vo (tnjy ") = Von(tn—j, ),
- L (A.3.6)
(at + ‘Ag)le,n + Z‘Afle—i,n =0,

i=1

\ Uéz:n(t”*j’ ) = Ul,n(t”*ja ')7 [ > 17

where we have defined

Vin(t, ) = vf,(t, x)

: Ovin(t,x) = O0u, (t,x)|

T=x

Comparing ([2.3.9)) and m with (| and - we see that the only dif-

ference is that in (A.3.5) and 1' we have not applied the Taylor expansion op-

erator TZ to the terminal condition ¢, driver f or intermediate terminal solutions
'Ul,n(tn—ja )

By the triangle inequality, we have
00— im0l < [07u WO 100 - 0%
+10%u 0D — 995D |a%lO D 9P %D (A3T)
We will bound the supremum of each term on the right-hand side of (A.3.7)) separately,

which will imply a bound for the supremum over the left-hand side of ({A.3.7). This

is done in the following lemmas whose proofs are given at the end of this section.

Lemma A.3.4. Under Assumptions|2./.5 and|2.4.6, the first term on the right-hand
side of (A.3.7) satisfies

. W eltT], VB <1

T g\ +3-18D/2
o)

sup ‘(‘95 (®,0) (t',x) — 8517%’0)(15’,31:” <C (
z€R4 ’

(A.3.8)
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Lemma A.3.5. Under Assumptions|2.4.5 and |2.4.60, the second term in the right-
hand side of (A.3.7)) satisfies

sup |aﬁvln ( ) 8Bulmn( ,I)‘
z€R4

< COpt (

T — ¢t (m+1—|8|-21)/2
—) . WelLT], VIBl<m+1-2 (A3.9)

n

Lemma A.3.6. Given Assumptions|2.4.5 and[2.4.7, we have

n—1 tn—'L

v (b, 2) = / dt' 2ot (b, 23 ), (A.3.10)

lzotnﬂ‘A

n—1 tn—i

8’3ul((;nfn (to,x) = Z / dt 8’3ul(’;fn (to, x; ). (A.3.11)

=0

tn—i—1

Proof of Lemma[A.3.6. We only prove (A.3.11]), as (A.3.10) is established in similar

fashion. We discuss two cases, [ = 0 and [ = 1, and note that the case [ > 1 is

analogous with only more tedious computations.

Case: [ = 0. The case of [ = 0 follows from the formula

aIBuOmn (tl?x)
tit1
—85u0mn (ti+1,1})+/ dt,/ d’yl
t; R4
TG (to, 3 tr, y1) T, [/ dyol'g (B, y1s ta, y2) - - -

R4

x Tyt {/ dyml“gi(ti,yi;t’,yHl)T%f(t’,yHl)H. (A.3.12)

R4

Here ué?;,{?f(tmx) = 0. Iterating (A.3.12)) gives

36“807,{71 (to, ) = / dt’/dylafFﬁ(to,x;tl,yl)Ti[/dyngl(tl,yl;tz,y2)...
1 d
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X T%;”[/ dyan"‘l(tn_l,yn_l;tﬁyn)Ti’S1f(t’,yn)H

tn—1
+ / ar / dylafrg”(to,as;tl,ylm{ / AysTY (11, y1: s ) -
2 R4 R4

e L A T )|
t1
" / ar / Ay O fo, 5 ',y VT2 F (1 1)
0 R4

-y / AU O (1, 2 ). (A.3.13)

Z:Otn—i—l

Formula ({A.3.13)) can also be obtained by iterating (2.3.12)) and ([2.3.13)), writing the

intermediate solutions ugS,, ,,(t,—;, ¥) explicitly and working backwards in time. Here,
in (A.3.13)), we interchange the Taylor expansion operator T and the integration
operator. Also, we know from (|A.3.13)) that

n—j—1

Jj—
Dty x) = > / dt'O%ul ) (b, ;). (A.3.14)

7Jotnzl

Case: [ = 1. Because m holds, iterating (2.3.12)) and (2.3.13)) again by writing

the intermediate solutions uiS, (t,—j, ) explicitly and working backwards in time

yield the following recursive relationship

OPu I (¢, ) (A.3.15)

z+1
= PuLD (f, / r / dy

8fF§(to,x;t1,y1)T§1[/ dyoT0 (t1, Y13 t2, y2) - - -

R4

x Ty [/ dyia L5 (L, yis t' i ) AT U’éon{n (t’,y¢+1)] x'=y'].
R4
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Here u{"7(¢ (tn,z) = 0. Iterate (A.3.15) to obtain

1,mmn
PTGy = [ At | dy 8T (to, x:ty, 1) T dysTY (ty, y1: ¢
U’lmn ’:L‘) Y1 x O( 0, T, 1ay1) m Y2 0 ( 1, Y1; 2792)---
1

XT%Z[/dynFS’( nets Yn 13 Y AT U n (t’,yn)] - ]
T'=Yn—1

tn—1
s [ f dylafré@o,x;tl,yl)rrfn[ [t it
2 R4 Rd

X T%_g[/ Ay 1 T8 (b2, Yn—2: ' Yn_1)
Rd

.Aa:’u((]m)n (t Yn— 1)}x’y 2:|

/dt/dyl aﬂr thxt yl) 1u(()m)n (tﬂyl)]

O
/ dT/dylaﬁF (to, x5 t1, 1) T2, [/dyQFgl(tbyl;tQ,yz)---
n 1

X T%_Q [/ dynrgl (tnflv Yn—15T, yn)

R4
T

Agfl/dt Uomn (T,yn;t’)} }

r'=yn—1

/ dT/th@ﬁF (to, z; t1,y1) T2, {/ dyoT8 (T, a3 ta, y2) - -
—2

X Tzr/r?_s |:/ dynflrg/ (tn727 Yn—2;T, ynfl)
Rd

an:Z / dtuOm;L T Yn 1725)} }
T'=yn—2

nleT
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t1
+/d7'/dy1 {E)ng(to,x;T,yﬁ
O

.sz / dt’uOmn T, yl;t')}

tn i—1VT

= / dT/dylé’fFfS(to,x;tl,M)T%{/dyzl“é“(tl,yl;tz,yz)...
1 R4 Rd

X Tzr/rTLL_Q |:/ dynrgl (tnfla Yn—1:T, yn)

Rd
T

AT /dtuOmn (T,yn;t’)} }
x! =Yn—1

n 1
/ dT/ d@/laﬂr (to, x5 t1,y1) T2, {/ dyT8 (T, Y13 ta, y2) - - -
n 2

X Tzr/;:;73 |:/ dyn—lrgl (tn—27 Yn—2;T, yn—l)

R4
T

Af/ / dt’uOmn (T,yn_l;t’)] ]
r/:yn72
tn—1

t1
—i—/dr/dyl [ang(to,x;T, yl)ﬂf/ dt uofng)nx(ﬁyl;t’)}
to R4

tn—1

+ ...

t1

t1
—i—/dT/dyl[aff‘g(tg,x;ﬂyl)ﬂ:f/dtuOmn(T yht)]
R4 T
¢

to
_1 n—i
izotnﬂ‘A

The last equality is obtained by rearranging terms and interchanging the summation
and integration operators. The proof for [ > 1 is analogous with only more tedious

computations. O
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As we show in the next lemma, equation (A.3.8)) together with Lemmas and
)A.3.6, yields a bound on the last two terms on the right-hand side of (A.3.7)).

Lemma A.3.7. Under Assumptions|2.4.5 and|2.4.7, the third term on the right-hand

side of (A.3.7) satisfies

sup |90u Nt z) — 86vln (' z)| < C’(

z€R4

PN GES Y
n > ’

vi' e [t,T], V|8l <1, (A.3.16)
and the fourth term satisfies

sup |a%ln (t',x) — aﬁug(;jn(t,xﬂ
zeR?

< Cntt <

T — t (m1-|81-20)/2
—) L Y e[tT], VBl <m+1-2L (A.3.17)

n

The error bound ([2.4.4)) follows from (|A.3.7) and Lemmas|A.3.4] [A.3.5/and |A.3.7]
Hence, what remains is to give proofs of Lemmas [A.3.4] [A.3.5] and [A.3.7]

Proof of Lemma[A.3.] Equation (A.3.8)) is established in (Lorig et al. 2013, Theo-
rem 3.12) for |5] = 0, and the case of || =1 is a straightforward extension. O

Proof of Lemma[A.3.5 To ease notation, throughout this proof, we drop the super-
script (¢, 0) and simply write v®0) = ¢ and likewise for u. To establish a bound on

|0°0;,, — 0%y 1 |, We examine two cases: [ =0 and [ > 1.

Case: [ = 0. For the case of [ = 0, we are going to prove the result for any t' € [t, T
by an induction argument on the index i of time nodes {¢;} . First, we note from
Taylor’s theorem and Assumption on 1 that there exists a zz,, € R? which
depends on Z, y and «, such that

Y(y) - Ty = Y —8?¢Sf’y’“) (y —2)*.

|a|=m+1

Given the multi-index operations defined in ([2.3.4)), we see that

(y = 2) + (& = 2)|""" = H\ (2 — )"



Using these results and the structure of vf,,, uf,, in (2.3.12)-(2.3.13) for the case
(¢, f) = (¥,0), we have

OL0F (1, 2) = D25 1 (V0|

— ‘/dy@ﬁFg(t/,x;T,y) (zp(y)—TM(y))‘

T (4! a;x 2zy,a —\a
Zl/dy@fFﬁ(t,:v;T,y) > M(y—w)
Rd

a!
|a|=m+1
T a?w(zf, 7Oé) —\«
< > /dy 3£Fo(t'7$;T7y)Ty(y—l')
|O‘|:m+1Rd
T 3§‘¢ 2Z,y,0 —\la
= Y [ aforrsan E Dy 0y 4 @)
‘O‘|:m+1Rd '
BT (4! (9 ¢ Z:Eya
< Y [ @iy e ) ETle Sy — o le— o
|o¢|:m+11Rd Y+0=a
T — ¢\ (l=18D/2
<c > (=) je-al
|[y+0]=m+1 K
VBl <m+1, V' elt, 1,T], (A.3.18)

where in the last inequality, we have used Taylor’s theorem and Lemma [A.3.1, The
constant C' is independent of n. Observe that holds only for t' € [t,,—1,T]
and we will give the bound for [0Jvg,, (¢, z) — OJuf ,, (¢, x)| for all ¢’ € [t,T]. Now
we begin the induction argument on the index ¢ of time nodes {t;}?,. Let us assume
that the following holds for some 1 < i < n with constant C' independent of n

T —t\ (nI=18)/2
<iC Z ( ) o — 2,

n

V|5| S m + ]_, Vt/ S [tn—ia tn—i+1)- (A319)
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The case of + = 1 was proved in (A.3.18)). If the bound (A.3.19) holds for an arbitrary

1, we will show that a similar bound holds for i + 1. We have

|86U0n / ) aBU’O?nn( /,I‘)‘

- ) / dyafrg(tla Tt y) (UO,n(tn—h y) - Tiugfm,n(tn—w ?/)) ’
R4

= ) / dyafrg(t/a € tn—ia y) [(UO,n(tn—ia y) - v(a)cjn(tn—h y))
R4

+ (Ug,n (tn—ia ?/) - ug,m,n (tn—iy y))

+ (ug:m,n(tn—ia y) - U’Bfm,n(tn—i? ?/)) + (ugfm,n(tn—ia y) - Tfnugfm,n(tn—za y)):|

<| [ ot st [oontansc) = b))

=y
Rd
+ / dyafrg (tl> Z; tnfh y) v(g)g:n (tnfh y) - Ua’m,n (tnfia y>:| ,
R4 ) -
] [ o st ) [ i) — i)
R4 _ o

R4
S / dy [85F§ (tla X, tnfia y) /UO,n(tnfiy y) - 'Ug,ln(tnfia y) ]
/=y
Rd

-~
=0

U()n( n— Z’y) aﬁuOmn( n— Z7y>

+/dy[F€§(t Titn—i,y)

Rd
+ / Ay [T (5t ) | (b 9) = (b iv0)| |
R4 o
-0

+ / dydiTE (', x5 tyi, y) [ (tais Y) —TﬁUBfm,n(tnfi,y)(
Rd

T (Iv1=181)/2
<@+nc Y (—t)” w—z, VBl <m+1,

[v+6]|=m+1

z'=y

Vt/ € [tn—i—la tn—i)a

(A.3.20)
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where 2’ is an arbitrary point in R¢ and we have used (2.3.13)), the following symmetry

property of the Gaussian kernel
0T (t, a5 T,y) = (=1)PI9)T5(t, 25 T, y),

equation ((A.3.19)), Lemma and the integration by parts formula. This estab-

lishes (A.3.19) for all = 1,2,...,n, where the constant C' is independent of n by
Lemmas [A.3.1 and |A.3.2, because the intermediate solutions ugS, . (t,—i,y) have the

same recursive structure as in (A.3.3); see Remark |[A.3.3] Now, setting z = z in
(A.3.19), we have

‘85110,”(#, x) — (9fu0,m,n(t’, x)‘
T — t)(m+1—|ﬁ|)/2

n

gi(]( VBl <mAl, V€ [teitein).  (A3.21)

As the right-hand side of ({A.3.21) is independent of x and (|A.3.21)) holds for all
i=0,1,...,n—1and |f| <m+ 1, we have

sup |85v07n(t', T) — 85u07m7n(t',x)‘
x€R4

SC’n(

T— t) (m+1-18])/2

n

This establishes (A.3.9) for [ = 0.
Case: [ > 1. We are going to prove an analogue of (|A.3.22)) in the case of [ > 1,

which is

C YIB <m+1, VHeT.  (A3.22)

T — ¢\ (m+1-|8|-20)/2
sup ‘651);7,1(25’, x) — 8ful,m,n(t',x)‘ < C’nl“(—) ,
z€R4 n

VBl <m+1-21, VteltT].

We will first perform a induction argument on [ and inside the induction on [/, we will
perform a nested induction on time index i. For [ = 1, arbitrary € R%, ¢’ € [t,,_1,T]
and || < m — 1, similar to the argument in (A.3.18)), we have

| [ T2 s ) 00705 () — D AT (7o)
R4
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- | / ATt 757,9)

(S Y Sdan —sf)”a;(vé,nm)—ué,m,nm))))\

1<|o|<2 |K|=1

(Iv1-181-2)/2
‘/dnyta:Ty) Z Z )7 y — x|’
[y+0]=m+1 |k|=1
(Iv1-181-2)/2
_‘/dszt T, Y) Z ) |(y—ar)+($—i)|9+“’

[y+0l=m-+1 |s]=1

_ (v1=181-2)/2
dyTg (¢, 57, y) Z )
[y+6|=m+1 |k|=1
x Z y—al’le 3t Y |y—a:|”m—x|f\
n+€=0 n+é=r
— t\ (I=181-2)/2
<C‘/dyf”’ct T, Y) Z )

[v+6|=m+1 |k|=1

x Z ly — x|z — z|*( Zly—m|"+2|y—w|

n+£=60
(IvI= Iﬁl 1/
<c ¥ ) Yo — 7
|[v+6|=m+1
(Iv1—181-2)/2
o Y Y (5 2 — &

[v+0|=m+1 |k|=1

<c Y Z(T )"y' e (|x—:z|9+|x—g:~|9+~), (A.3.23)

Iy +0l=m~+1 |x|]=1

where constant C' is independent of n. Thus, we get the following general bound for

arbitrary  and for all ¢ € [t,1,T] using again the structure of v{,, uf ., (2.3.12)

and (2.3.13) for the case (¢, f) = (¢,0), we have

|8ﬂvlf,n(t J}') aBulrnn( /,ZL')‘

T
—| [ ar [ Qo ) (4515 () = A ()|
t/ R4

dyrg (t/a LT, y) (ag‘Aglzvg,n (Ta y) - a{fﬂfug,m,n (T, ?/)) ‘

I
—
s
T—u0
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)(7| 181-2)/2

c Y Y (=

[y+0l=m+1 |r[]=1

VBl <m—1, WVt €[ty 1,T)

(lo = z|” + |v — 2"*),

Here we have used the definition of A{ in (2.3.5)), inequalities (A.3.20)) and (A.3.23)
and Lemma [A.3.1] Now we have proved the claim for [ = 1 and ¢ = 0. The next
step is to prove it for [ = 1 and any 0 < ¢ < n — 1. This is done by induction on

index . To carry out the induction on i, we will need the following estimate: for any
1=0,1,2,....n—1

)

7Ll

| / dr / QT30 27, 0) (G AT () — AT (. 0)|

< (i+1)C Z Z ( ) (1=181- 2)/2<|x B j|e+ﬁ e :f|‘9>7

by0l=m+1 []=1
V|5| Sm_ 1a Vt, € [tn—i—latn—i)a [ :0,1,2,...,71— 17 (A324)

which follows from ([2.3.5)), (A.3.19) and Lemma [A.3.1} Now, suppose that the fol-
lowing holds for an arbitrary ¢

. 3 Z(T;t>(h|_lﬁ_2)/2<\w—§:|9+“+]x—:ﬁ]"), (A.3.25)

[y+0)|=m+1 |k|=1

VBl <m—1, V€ [tn_irtnis1),

where w(i,n,l) = (i—1)(n'+1)+1,i = 1,2,...,n. Note that w satisfies the following
recursive relationship

w(i+1,n,0) =w(i,n, 1)+ (n'+1), w(l,n,l) =1

Simple computation reveals that w(i,n,[) = in! +i—n! —1 < ! for any 1 <i < n.

We will show that (A.3.25)) holds for ¢ + 1. Using (2.3.12)) and ([2.3.13|) for the case
(¢, f) = (¥,0), we obtain

}65'01 n t .’L’) afuim,n(t/7 .Z')|
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tn—i
—| [ ar [ i r ) (AT 0) = AT 0|
t R4

+ ‘ / dy [afrg (tla x; tn—i> y) (Ul,n (tn—ia y) - Ufn(tn—ia y)):|
Rd

z'=y

~~
=0

Rd

x'=y
+ ‘ / dy |:8£Fg (t” T tn_i, y) (u:f:mm (tn,i, y) — Ulm,n (tnfi, y))} :1:’—
R4 -
G
Rd

=0
O T T I A A R A A )|
Rd
<((i+1)+w(,n1)+1)C
T —

B2, i
X — N

[y+6l=m-+1 ||=1

< (n+w(,n,1)+1)C Z Z (T — t>(7|ﬁl2)/2<|x —Z0 4 | — 5:\9>

n
y+6l=m-+1 ||=1

RN S DU ia K (P Ty

n
[y+6]=m+1 |r|=1
T — t\ (hl-181-2)/2
< 20 < ) ( - 9+I€ - 9) < _
<n >y - lz -z |z —z), VB <m-1,
[y+6|=m+1 |s|=1
Vt/ € [tnfiflvtnfi)-

Here we have used inequalities (A.3.24)), (A.3.25)), Taylor’s theorem, the triangle in-
equality and Lemma [A.3.1] The constant C' is independent of n by Lemmas
and [A.3.2]

Now that we have proved the claim for [ = 1 and any 0 <7 < n — 1, we will

proceed by continuing the induction argument on /. Suppose that the following holds
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foragiven!>1andi=1,2,...,n,
‘861}171, t ill') aﬂufm n(t/ 33')‘

cwe 3 Yy (T

HOl=mt1 ki |=1 =
X (|x —z0 4 — 20T | — 5:]9>,

v|6| <m-+1-— 2la vt/ € [tn—iytn—i-l—l)a ! > 1.

>|7| |B]—20)/2

(A.3.26)

We will show that (A.3.26) holds for [ + 1 and any ¢ satisfying 1 < ¢ < n. This
requires several steps. First, assuming ((A.3.26)) holds, we have for all i = 1,2,...,n

tn—i+1
‘ / dr / dy[rg(t/,x;r,y) (A.3.27)
t Rd

I+1 +1

Zaﬁﬂ%ﬁrl —jn 7' y Zaﬂﬂmuﬁ-l ]mn(T y))”

< inlC Z Z Z (T; t>(lvlﬁl2(l+1))/2

|[y+0|=m+1 |r1]|=1 |11 =l+1
x (o=l 4 o — 2l o — ),

V|ﬁ| §m+1—2(l—|—1), tl € [tn,i,tn,prl).

Inequality (A.3.27) is the result of applying the definition of A7 in (2.3.5), inequality
m, the trlangle inequality and Lemma . Having obtalned A.3.27, we can

estimate [0v],, (', ) — O0uf,; ,, (¢, x)|. First, for [+ 1 and i = 1, we have

|04 vz+1n(t ) = 0Ly (1, )]
I+1 I+1

= )/dT/ dy F"” LT T,Y) Z@BA””UIH _in(TY) Z@ﬁﬂwulﬂfﬁm’n(ﬂ y))”
T — ¢\ (=181—-2(1+1))/2
<nlC Z Z Z ( - )

[v+0|=m+1 |k1|=1 |Ki41|=14+1

X <|x — |0 o — ) | — 55|9>,




83

V|l <m+1-2(+1), t€lt,1,T).
Suppose that for [ + 1, an arbitrary ¢ and for all ¢’ € [t,,—;, t,—i4+1), we have

‘a:fvlf—‘rl,n(t,’ l’) - agulf-l—l,m,n (t/7 ,I)‘
T — tN\ (=181-2(+1))/2
< wl(i l (—>
<w(i,n,l+1)Cn Z Z Z -
[y+Hbl=m~+1 |k1]|=1  [rig]|=l+1
X <yas —Z0 | — 3|0 | — 5:|9>,
\V/|ﬁ| S m+1— 2(l + 1)7 Vt, € [tn—htn—i—l-l)'
(A.3.28)

Next, applying (A.3.27) and (A.3.28)) and proceeding as in the case [ = 1, we obtain
foril4+1and ¢+ 1

‘aBUHl () — aﬁufﬂ man (' x)‘

I+1 I+1

<‘/dr/dy1“xt 5 1) (O 1-salo8) = 2 Ol )|
l J 1
+‘ / dy 55F§(t’,fc;tnﬂ-,y)(vm,n(tm,y)—vﬁ/l,n(tm,y))]m,_
R4 -
e

+‘ / dy %t :v;tnfi,y)(ayﬁvfﬂ,n(tm,y)—35uf+1,m,n(tnfi,y))]m

=y
+ ‘ / dy 85F§ (t/7 T tn—i7 ?J) (uf-Ll,m,n(tn—ia y) — Ul+1,m,n (tn—iu y))i| my
N ;6 7

+ ‘ / dyﬁﬁfﬁ(t’, X5 tn—i, y)(“zti1,m,n(tn—z‘7 y) - Tzf2(l+1)u}ﬁ1,m,n(tn—iay))’

< (in' + w(i,n,l + 1) + 1)C

(Y yoy

[v+0|=m+1 |k1|=1 |Ki41|=14+1

T — ¢ (vl=18l1-2(+1))/2
(=) (1
n

< (' +w(i,n, 1+ 1)+ 1)C

TP o=z 4 | — :E|9>>
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(L x. ¥

[y +0l=m+1 |[r1|=1  [ky1|=l+1
T — ¢y (hl-181-20+1))/2
n

=w(i+1,n,l+1)C Z Z Z (T;t>(’7|6|2(l+1))/2

[v+0|=m+1 |k1]|=1 |Ki41]=1+1

X (|x — |0 4 o — e | — f|9>,

BT L | — g | — £\9)>

t/ € [tnfifl,tn,i), |ﬁ| Sm—?(l—i—l)—i—l

Thus, we have established that (A.3.26|) holds for any i = 1,2,3,...,n. Setting & = x
n (A.3.26)), we have

T — ¢ (m+1-18-2041))/2
000110 (', ) = Ourp1mn(t, )| < n”QC(—) :
n

vi' e [t,T), 8] <m—20—1.

As a result, (A.3.26) holds for any [ > 0 and 1 < ¢ < n. Next, setting = = z, the
right-hand side of ({A.3.26)) becomes independent of x and summing ((A.3.26)) with

respect to index [, where this index ranges from 0 to [, yields an upper bound for
1085, (', ) — 0%y (', x)]. Then, we obtain
(m+1—|8]-21)/2

T—1
sup |85vln (', z) — 0fﬂl7m7n(t’,x)‘ < COn!tt (—) ;
z€R4 n

vt e [t,T), |8l <m+1-2L

This establishes (A.3.9). O
Proof of Lemma[A.3.7. From (2.3.9) and (2.3.10]), respectively (A.3.5) and (A.3.6)),

it follows that

OPu 0 (b, x: T) Z / At OPu T (to, 23 t'), (A.3.29)
n 7—1

0500 (to, ;) Z / dt' 2010 (tg, ;1) (A.3.30)
i= Otn i—1

Equations (A.3.29) and (A.3.30) are proved in Lemma [A.3.6, Using (A.3.29) and
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(A.3.30]), we compute

|05uOD (¢ 2) — 8ﬁvln (t',@;7)]

— ‘Z / dr(OPuOH x, 1) — 8/3@[” (t',x; 7))

T 4\ (43182
<C ( ) , WeT), VBl<m+1-2, (A.3.31)

and

n—1 tn_iVt'
= ‘ / dr(@So Ot vy r) — O2u?) (¢, ;7))
Z=0tn7271\/t,
T — ¢\ (m+1—|8|-20)/2
< C’nl+1(—) . VP e[tT], VBl <m+1—2l (A.3.32)
n

Taking the supremum over x in (A.3.31)) and (A.3.32)), we obtain (A.3.16)) and (A.3.17).
O

A.4 Background Results

This section reports some useful results from |[Fujii and Takahashi| (2016a).

Lemma A.4.1. Assume that the driver f of Equation (3.2.1)) satisfies Assumption
and exp(Aexp(BT)|¢(X7)|) is in LY (Q, Fr,P). Then there exists a solution to
the QEFBSDEJ (3.2.1)), which satisfies

srt}

il < imE[exp (A exp(B(T — 1))[6(Xr)| + A / exp(B(v - t>>Zdv)

In particular, when ||¢(Xr)| < 00, Y is essentially bounded with

Y lsoe < exp(BT)(l9(X1)lloo + T1).

Lemma A.4.2. Assume that ||¢(X71)|lee < oo and let Assumption hold. If



86

there erists a solution (Y,Z,U) to the QEFBSDEJ (3.2.1)), then Z € Hiyo and
U € Jgmo (and hence U € J*) and || Z||we, , + |Ullsz,,, is bounded above by a
constant depending only on (X, 8, T, ||¢(X1)||sc ).

Now, consider two QEFBSDEJs, with i € {1,2}, satisfying Assumptions and
B3.4.3

AYy = —fi(t, X}, Y}, ZE V) dt (A.41)

+ Z AW, + / Ul(e)i(dt, de) Yi = ¢'(XL).
E
In addition, let d¢(X7) := ¢*(X+) — ¢*(X3), 6X == X' = X2 §Y =Y -Y? §Z =
— 72,6V = VI-V2 6f(t) = (f'=f)t, XL, YL ZL V) and ©; := (X}, Y, Z4, Vy).
Then we have the following lemma that can be proved with minor modifications on

Fujii and Takahashi (2016a)

Lemma A.4.3 (A Priori Estimates). Suppose Assumptions hold for the
QEFBSDEJ (A.4.1)) withi = 1,2. If there exists a solution (X', Y, Z' U"), it satisfies
the following inequalities

167 |z

BMO

F10U12,0

< C<|!5Y\Isoo +1106(X1)l[oe + [lp(0X) [l + sup

TE‘J’

E| / 5 ()| do
" ( / \5f(v)\dv>pQZD;2

C and q. > 1 are positive and rely on (Kyr, N, 8, T, ||¢(X7)||c0, () and the constant
M s chosen such that ||Y||ss < M and ||U||;= < M fori=1,2. C' is a positive
constant depending only on (p, ¢ Kar, N\, B, T, ||0(X7) || sos l).

.|

J

1(6Y, 62, 5U)

”proT

T
gO(DwaW ‘ p(6
[ o

Vp>2, Vq2=g..

The result below follows from Lemma |A.4.1] [A.4.2| and [A.4.3]
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Theorem A.4.4. Suppose that the QEFBSDEJ (3.2.1)) satisfies Assumptions
and . Then, there exists a solution (X,Y,Z,U) which is unique in the space
S2[0, T] x S* x Hanmo X Jamo-

A.5 Proofs of the Second Method

Proof of Lemma[A.4.3 The proof of the first inequality proceeds as follows. Due to
the universal bounds given in Lemmas and [A.4.2] we can choose a constant M
such that [|[Y?||s.jo) < M and [|[U*||5,, < M for both i = 1,2. Set a sequence of

F-stopping times as
t t
S inf{tz 0: /|<5Zs]2ds+//|6Us(e)|2N(ds, de) Zn} AT.
0 0 F

Then, for any 7 € T, we have

T

T
|5YT|2+]EU|5ZS|2ds+//|5U8(e)|2zv(ds, de)
T E

T

7]
T

B {|5¢<XT>|2 4 / 20Y, (5/(s) + £2(1,0}) - f2(t,©?))

T

7. .

Taking SUP;cqT for each term on the left-hand side gives

2 2
16213 +118UI%,
< 2066(X1) % + 4]16Y llsfo

7]

where the process H is defined by H, := 1+ 37, (1Zi| + |6Vi{|12()) - We know that
H € Hy o with norm dominated by the universal bound given in Lemma [A.4.1, We

can see that
T
]E{/HS\(SZS\ds 3'}]

X sup

T
i | [ 1870601+ (6 + Kur(10V2] + I0Valay + HLIZ)) s
S

T

‘ o0

sup
Tqu

o0
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T 1 T 1
3 3
< sup ]E{/|HS|2ds 3‘}} H H]E[/|5ZS|2ds fﬂ} H
TeTd ) oo
< |1 H 1y 192

Then, with arbitrary positive constant ¢ > 0
2 2
102112, +1IUI%

T
< 280X + 270X o~ + 2 5up [ E| [ 13591
IS

4K32, 4K?

2
00

.|

(19212, + 1601 ).

Given that [|6U][y2, < [[6U]yz,,, as shown in |Fujii and Takahashi| (2016a), choosing
€ < 1 yields the desired result. For the second inequality, define a d-dimensional
F-progressively measurable process (bs, s € [0,7]) by

f2(57 Xslﬁ Y;,l, Z;, Vsl> — f2(3’ Xslﬁ Yslv Zs27 ‘/;1)

by == FAE 152,400 Z;

and also the map f: Q x [0,7] x R x L*(E,v;R?) — R by

Then, (0Y,8Z,0U) can be interpreted as the solution to the following BSDE
T

0Y; = 0p(Xr) + / (f(s, 0Xs,0Ys, 0V5) + by - 5Zs) ds

T

—/525 dWs—/T/(SUS(e)N(ds, de).

t

Because by < Ky (14|22 +|Z2|+ 2|V |L2w)) . b process belongs to Hy,o. Further-
more, f satisfies the linear growth property |f(s, 7, §, V)| < |0f(s)|+p(&) + Kar (7] +
H‘~/||1L2(y))- The rest of the proof follows from that of (Fujii and Takahashi, 20164,
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Lemma 3.3). O

Proof of Lemma[3.4.9. 1If a function ¢ is globally Lipschitz continuous, a candidate
for the approximating sequence {g}/> is gn(x) = h? Jze Ay g9(z — y)@(hy), where ¢
is a non-negative C'*°-function defined in R? with support in the unit ball such that
Jre dyé(y) = 1. The function g,(z) is a.e. C, globally Lipschitz continuous with

the same Lipschitz constant as g and satisfies the relation

C
0u(2) — g(a)| < T
We refer the readers to N'ZI et al.| (2006 for more details. O

Proof of Theorem[3.4.6 The proof follows from the a priori estimates in Lemma[A.4.3]

and (Bouchard and Elie, 2008, Lemma A.1). First, because of Equation (3.4.1)) and

(Bouchard and Elie|, 2008, Lemma A.1), we know that lim_,e | X™ — X||s2j07) = 0.
h h h

The fact that || (V" —Y,Z" — Z,UW ~U)|| 1,

a priori estimates in Lemma [A.4.2] O

— 0 as h — oo follows from the

Proof of Theorem[3.4.7 Letting sX) = X" _ X, we have for w = 2

T w_ 1
XN <R X,) - plo, X)) Pdv) |
[0X; HS}F[O,T]— {“h,S(u U) ”(U7 U)‘ v

¢

+E:</T\ah,s(v,xv) —U(U,XU)‘de>
+E://|7h,s(v,xv) — (v, X,)|"v(de) dv}

T
t

NI
gl=

gl

A bound for the second term of ’O‘h’s (v, Xv) — a(v, XU) ‘ is obvious. Now consider the
bounds of the first and third terms. By analogy, we only need to discuss | Lh,s (v, Xv) —
,u(v,Xv)|. We have

1,5 (v, X0) = g1 (v, X0 |
S |Mh,$(v7Xv) - :uh(/U7XU)‘ + ’:uh(U7XU) - /’L(U7XU)‘

C
< E —+ C(S + 1)1SSXUSS+1 + C|Xu‘]—Xw>s+1‘
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This establishes lim, ¢)—00 HX(h’S) — X||S2[0 = 0 as (h,s) — oo. The fact that
H (Y(h’s) —Y, Z70s) — 7 Uhs) — U) Hx?[o = 0 as (h, s) — oo follows from the a priori
estimates in Lemma [A 4.2 O

Proof of Theorem[3.4.9 The proof follows from the a priori estimates in Lemma[A.4.3]
and (Bouchard and Elie, 2008, Lemma A.1). In the non-degeneracy transformation
step, only the diffusion matrix is changed. Because of the smoothness and bound-
edness of the new diffusion matrix, we can deduce that ||y s(t,-) — ons(t,)]|c <
C(i) — 0 as i — oo. Therefore, we have shown lim; HX(’“S’” — X (hs) s201] = 0 as
i — 0o. The fact that ||(Y"9) — Y, 200 — Z U0 —U) |y 00 — 0 as i — o0

follows from the a priori estimates in Lemma [A.4.2] O

Proof of Theorem [3.4.13. The proof of this theorem follows from (Menaldi and Gar-
roni, 1992, Theorem 3.1, Chapter II). O

Proof of Theorem[3.4.13 The proof follows from the a priori estimates given in [Halle
(2010) and is similar to the arguments in El Karoui et al. (1997b) showing the con-

vergence of Picard iteration. O

Proof of Theorem [3.4.14. The proof follows from the Lipschitz continuity property of
the driver f with respect to variables (y, z, ), together with Theorem [3.4.15| O

Proof of Theorem[3.4.15. The proof follows from the definition of vf, in Equation
, the discussions (Liu and Li, 2000, Theorem 3.3), (Jum, 2015, Theorem 3.2)
and (Jum, 2015, Theorem 3.3). We should notice that Equation applies the
law of iterated expectations. It is the same as the expectation of the Euler discretized
process Yy in (Liu and Li, |2000, Theorem 3.3). Therefore we have shown the case with
zero-th order derivative. The error bounds for higher order derivatives are established
by differentiating both sides of (Liu and Li, 2000, Equation 4.7) with respect to
(it is straightforward to verify the differentiability with respect to zg given smooth

coefficients and terminal condition). ]

Before proving Theorem [3.4.16| we need the following lemma

Lemma A.5.1. Let uf,, .(t;,x) be the intermediate solution at the j-th time dis-

cretization point. Then

m _ 13
= (rz—=
Wnltn) = 3 Gty “’”(TO)
|&|=0 '
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and

T To,,T :B - 370 T
uk,m,n(tjv I) - Tw?uk,mn Z Z (ng( ) - T|90‘G§7j(tj, {L‘)> .

|0=0 |§+6|=m

{G¢,}e; are some smooth functions, bounded and with bounded derivatives of all
orders. Also, we have |0°Ge ;(t,z)| < M for M independent of j and n and || < m.

Proof. The first claim of the lemma is obtained by expanding the intermediate so-
lutions, collecting terms with the same powers (z — 20)¥l, || = 0,1,--- ,m + 1 and
using induction arguments. The second claim follows similarly from (Detemple et al.,
2015, Lemma C.2) by replacing the estimates of the higher order derivatives of the

coefficients with a constant M. O

Proof of Theorem[3.4.16, We will only show the ¢-part in the probabilistic repre-

sentations (3.3.7) and (3.3.8) becauss of the analogy to the f-part. If we set an
additional localization compact set of z,, as B(x,_1, €) for y(¢, ,,, €), where B(x,_1, €)
is the closed ball centered at x,_; with radius € and x,_; is the backward variable in

the transition density I'}(¢', z,,—1; T, z,,), then we have

(A5.1)

Ulgz,n(tlﬂ I’n_1> - U’i,m,n(t,? 'T'fl—l)

= | [ dn g s T (6l) — Tio(n) |
J

T o 220, Tn, a
<| [ anargin T Y E el el
Rr |a|l=m+1

< Z / dl’n ag¢(zxo,xn,a)

ol
|a\:m+1Rr

Z / dz, |T 959(220,20.0)

ol
la|= m+1B

In the closed ball (1)

+ Y / dz,

‘OL| m+1RT xn 17)

N J/

The Gaussian part (2)

Fg (t/, Tp—1; T7 In) (xn - xO)a

t y Tp— 1,T xn) (ﬂfn - xo)a

aa¢(zro,zn,a)

Oé‘ (x” - xo)a

L5t 2y y; T, w,) 2 ——2mms
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T—1t\?2
<C Z iz, — xS+ C Z (T) |Zn_1 — 20 .
[0+£]=m+1 |0+€|l=m+1

(1) (2)

/

Therefore

m+1-|5|
T 2

—1
02025, (# ) — D, (t',20)| < Cm 1Al 4 C (—) (A5.2)
9 b b /’/L

for |3] < m according to Equation (A.5.1)) and the definition of the partial derivatives
of the intermediate solutions. Next, for t' € [t,,_o,t,_1), we have by setting = z,,_»

U]le_Q (tlv mn—Q) - ui%?n (t/7 xn—Q) )

S/dxn—lrgn_z(t,7xn—2;tn—l7xn—l)

RT

Uzz—l (tn—l’ xn—l) - uzjln;ln@n—la Q:n—l)

+ / dwn—ll—‘gn_2 (tla Tn—2; tn—la xn—l) ‘ui%}n(tn—h In—l) - Txouxn_l (tn—la xn—l)‘

m “kmn
R"

S / dxnflrgn72 (t/> Tp—2; tnfla xnfl)c Z €|9| ‘-Tnfl - xOF

~
(1)-From previous error bounds

6]

T—t\?2
d n— F$n72 t/ n— 'tnf n— C - n—1 — ¢
+/ Tn1Lg" (), 2y tn1, Tn1) Z ( o ) |Zn—1 — Zo|

R" |64+&|=m+1

N

J/
-~

(2)-From previous error bounds
Tn—2 4/ .
+ / dmn—lron (t y Tn—2; tn—h xn—l)
B(xzn—2,€)

X u:lz,nr;,ln(tnfl’ xnfl) - T%ouwn—l (tnfly 'I.nfl)

k,mmn

N J/

-

(3)
+ / dxnlegTH2 (tla Tn—2; Zfnfla xnfl)
R™—B(xn—2,€)

X

w1, 1) — Toowp ' (b1, 1)

k,m,n

(. J

v~

®3)
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T—t\?2
< ¥ Po-nfie ¥ (F0) - al

|04-¢&|=m+1 |0+&]l=m+1

S

(1) @)
T\
+ C Z 6|9‘|$n72 - x()’g + C Z (T) \xn,g — :1:0]5
|0+€|=m+1 |0+€|=m+1
(3)
T—1\%
=2C Z 6‘0|’.§L’n,2 - Q?()|é + 2C Z (—> |$n,2 — Io‘g.
|0+&|=m+1 |0+¢|=m—+1 n

Suppose that for t' € [t,_;_1,t,_;), we have

Ul::j;;iil (', Tni1) — Uizfﬁl (t', oni1)

1]

T—1)\ 2
<@+1)C > Mozl + (+1C ) (T) |Zn_i_1 — @ol

|04+&|=m+1 |0+&|l=m+1

then when n is sufficiently large, we have for t' € [t,_; 2,t, ;1)

T Baia) — U (i)

Tp_i_2 .
S/d$ni1 L™ (tpn—im2s Tn—i—25 tn—i—1, Tn—i—1)
RT

Tn—i—1

vfﬁf;{i’l(t/, Tpj1) — U 1 (t', Zn_i1)

Tp—i—2 .
+/ den—i1 Ty 7 (tnmic2, Tnmic2s tnic1, Tneio1)
RT

wp (1) = Tyt 2nio1)

Tp_i_2 .
S/dl‘n—i—1 Lo 2 (tnmiz2s Tnie2 tneic1, Tni1)
RT
Tn—i—1 4/ Tn—i—1 4/
D (AR Y I T (S

(& J/

TV
error bound from the previous time step

Tp—i—2 .
+ / da,—i1 1" 77 (tmiz2, Tr—iz2i tn—iz1, Tn—i—1)

B(2n—i—2,€)
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X U (s Tnin) = T (i)

. J/
~

jump error bound
Tp—i—2 .
+ / dzp_i1 Iy (tmic2s Tneiz2) tnmic1, Tnei—1)
RT—B(xn—i—2,€)

Ui"rﬁ’ﬁl (t', @pio1) — Tf,fuij;;l(t/, Tni 1)

X

VvV
Gaussian error bound

<@@+2)C > May—xl
|0+&|=m+1

10]
T—t\?2
+ (Z + 2)0 Z (T) |I’n_7;_2 — Io|g

[0+&|=m~+1

with the intermediate coefficients canceled out by the additional € and % when € is
small enough and n is large enough. Therefore, by induction and setting x = x( in

the error bound, we have for t' € [ty, ;)

m+1—|8]
2

O 1 0) = Ot 1) | < OB nce) (1)
The error bounds of the higher order derivatives follow from Equation (A.5.2]). The
last step is to set € = ni\%. The error bound announced follows. The interpreta-
tion of € is the number (nt) of standard deviations (\%) of the distribution given
by 'y (ti, i; tiv1, Tig1), for 0 < i < n. Moreover, let us analyze the additional error
introduced by the localization of B(z;, €) compared to the solution before this local-
ization. Denote by I'f as the approximate transition density before localization and

I't . after. Then, we can decompose the errors

(A.5.3)

UIZ:IFQ (', Tp—i—2) — Ui%fﬁ (', Tni-2)

<

U::;Ll_i_Q (t/; xn—i—Q) - ’U;:?n:é_Q (t,, xn_i_2>‘

+

Ve (s Tnmima) —uy (] Tio) ‘

Tn—i—2

U (s Tnica) = i (2 i0)

Here subscript € is the solution obtained after localizing the coefficients in B(x,,_;_3, €).
The bound for the second term on the right-hand side of Equation (A.5.3)) is obtained
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above, while the first term on the right-hand side is bounded above by a constant
(i +1)C. while C. = 0 as e = & — 0. lim,_,oc nC. = 0 can be seen from the fact

_ nit -
that, for both Lévy density I'j or Gaussian density I'j, the integral can be represented
by

Tp—i—3 . Tp—i—2
‘/d%—i—gron ’ (tn—i—?nxn—i—Satn—i—%l‘n—i—Q)vkj;Ll (tn—i—2, Tp—i—2)
RT

n—i—2

Tp—i—3 . x
— Lo P (fnmioss Tnisi tni2, Tnmi2)Vy 0 (Bnicgs Tio2)

Tp_i—3 .
S/dwniZ‘Fon T (tn—iosy Tn—i—3; tn—i—2, Tn_i—2)
Rr
Tpn—i—2

—T0 " (tnmie3, Tim3; tnic, Tnim2) | [Ug 2 (bnmiz2, Tnioa)|

N J/

-

1
+ / Az —i 2|10 (tn—iz3, Tn—i-3} tn—i—2, Tn_i—2)

RT
Tp—i—2 Tn—i—2
X|Uph T (tnic2s Tnic2) = Uph ¢ (tnic2y Tnio2)|
N -~ 7
2
< O MY
— € €
N
1) 2
where
i+1

MZH = C’f

42 . Tp—i—3 .
Cr=M / dwp_i—o|L" ™ (tn—i=3, Tn—i—3; tn—i—2, Tp—i—2)

RT—B(Z‘n_i_gﬁ)

— 0 7 (tnmiv3y Tn—ie3i tnoiz2, Tnoi—2)|-

By Assumption and the tail property of the Gaussian and Lévy transition den-
sities, one can show that C*? is exponentially decaying in n as n — oo (for Lévy
density we can see this from the transition density expansion formula in Filipovic et al.
(2013) and Assumption [3.4.3)). The third term in the error decomposition is
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analogous and can be seen from

U (0 ) = Uy (£,) (A5.4)
_ / dy (T2(t, 27, y) T2 (1) — T2t 2, y)ul,, o (7,9))
]R’f’

v~

C(%) multiplied by a polynomial of (x—zg).

+ / dy (Fg (t? T, y)uz,m,n (7—’ y) - Fg,s<t7 LT, y)uz,m,n (7_7 y))
B(z,e€)

J/

-~

=0

+ / dy (Fg (t7 LT, y)uz,m,n(7-7 y) o Fg,e (t7 T5T, y)uz,m,n (T7 y))
R™—B(z,€)

J

~
exponential decay

+ / dy (Fg,e (t7 T, y)uz,m,n (T7 y) - Fg,e (t’ T T, y)uz,m,n,e (T7 y))
B(x,¢)

J/

Vv
error from the previous time step

4 / dy (T2 (1,257, )l (7o) — T2 (6 s moghdd o (7,3)
R™—B(z,¢)

J/

TV
error from the previous time step multiplied by an exponentially decaying function of n

+ / dy (Fg,e (t7 T, y)uz,m,n,e (T7 y) - Fg,e<t7 LT, y)Tig’U/Z’m’n’JT, y))
B(x,€)

. J

~
Ce™+1 multiplied by a polynomial of (z—z0).

4 / dy (T5 (6,27 gl () = T2 (s ) 20l (7))
R™—B(z,¢)

TV
m—+1

C’(— z multiplied by a polynomial of (z—xg).
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and

/dy|Ffj(t,x;T,y)—Fg,e(taﬂﬁ;ﬂy)ﬂy—ﬂﬁ
RT

=2 / dyle(t, ;7 y) |y — z|°
R"—B(z,€)

<2Ce ¢

«

for some positive a. In Equation (A.5.4]), the second to the third terms on the right-
hand side are either exponential decaying in n, e.g., exp(—n®) with @ > 0 or of
higher polynomial order, e.g., n=% with # > 2. Therefore, the convergence and the

error bound follow. O

Remark A.5.2. The striking feature of the localization of X 1is that, for convergence,
we do not ask € — 0o due to the time discretization. At every time step, the variance
of the distribution of X is of order O(%) This permits a localization such that when
e = 0 and n — oo, € will cover more and more standard deviations of the distribution
and stretch to the tails.

Proof of Theorem [3.4.17. We will only show the bound of C. Suppose that at zeroth
iteration, we obtain uf,, ,(¢,z), which we plug into f(t,,y,2,v¥). Localize f on

x € B(zg, (). The resulting error is
[ Tyl - Fewl = -0 ¢ oo
IRT‘

because of the boundedness of f. Because at every Picard iteration we localize the

function f, the error C; accumulates £ times. O

A.6 Proofs of the Econometrics of SDE with Jumps

Proof of Theorem[].5.5 First, observe that

Thsigmn (2T y) — Thosa(t, 23T, y)|
< Phsit, @ T y) = Dnsia (2 T, )|

+ s g (625, y) = Chosigmn (t, 73T, y)|
< Chsig + Chsigmn-
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Both Cj ;. and Ch s, jmn are independent of (z,y). The first constant Cj s, s is
due to the fact that both I', s, (¢, 2; T, y) and 'y s, (¢, 2; T, y) are uniformly bounded
in (z,y) and the second constant C} s jm can be obtained directly from Theorem
and the definition of 'y, 5, s(¢t,2; T, y) and Ty i gma(t, 2T, y). O

Proof of Theorem[{.5.5. The proof is analogous to that of (Yul 2007, Theorem 3,
Theorem 4) with minor modifications. It is obvious the true MLE sets the score to

0. Therefore, by denoting 6y as the true values of the parameters, we have
Ooln(6o) = —5glN(9~)(§07N — o)

for some 6 in between 0y and @\07 ~- In addition, we have

1

IN(90)5(§0,N —0o)

= In(00)% (—031n (0)) " Dyl (o)
—(In(B0)2 O3ln (0) I (Bo)2) ™ In (6 >%aezN<eo> (A6.1)
—(In(00)2 B3lx (00)In (60)2) ™" (In(600) 2 sl (8)) + O,(1)

= Gy (60)Sn (o) + O,(1)

where G3'(0) := —In(0)"2021x(0)Ix(0) "2 and Sy (6) := In(0)"28slx(0). The Equa-
tion holds uniformly for 6y € © and h < h, where h is the time gap between
each observation and h is specified in the Assumption 6 of [Yu| (2007). Because of
Assumption 6 in (Yu, 2007, Appendix A), we know that 90N is in the (In(00)~ 3-

neighborhood of 6y, by repeating the previous argument, we have

1

]N<00)§(§0,N —tp)

= In(00)% (—03in (0)) " Dl (o)

= —(In(00) 2 31N (0)In (00)2) I (6 >%aezN<eo>
—(In(60)2 O3in (60) In (60)2) ™ (I (60) 2 sl (6)) + 0,(1)

= G (60)Sn(6o) + 0,(1)

The asymptotic distribution of @\0, ~ now follows from the limiting distributions of Gy

and Sy. In the stationary case, Gn(6p) is non-random and it follows that

(N x in(00))2 (Bon — 6) = N(0,L,) + 0,(1).
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Next, we investigate the stochastic difference between 0y, 5 ; jm.n.n and 0y n. We have

Dol On,ssmn ) = Dol st Onsitmn )
= Ol (On o5, 7mm.)

= aelN(Qo N) + 03l (0 )(9h s,i,Jymn,N — Qo N)

= 0; ZN(0>(0h,s,i,J,m,n,N - 90,N)

where 6 lies in between 0y, 5; jmn.n and 0y y. Therefore

In(06)% Ons.s smmn — Bon)

—(In(60) 2 031n (8) I (B0) )~ In(6) 2

X (aHZN(é\h,s,i,J,m,n,N) — aﬁlN,h,s,i,J,m,n(é\h,s,z’,J,m,n,N»
= (Gx(00) "t + O,(1) In(80) 2 (Fsln Bhosismm )

- aelN,h,s,i,J,m,n (9h7s,i,J,m,n,N ) ) .

We will show later that there exists a sequence of (h,s,i,J;n) — oo, so that for
any h < h, we have Ogln  sismn(-) = (1 + 0,(1))dln(:) uniformly for any 6, € ©.
Assume that this holds now, we have, for some 0 between 0o and Oh s Jm.n.N

In(00)? Bnsigmny — o)

o.(1)In (90)_5305N(9hsumn1v)

0, (1)In(60)" (aGZN(00)+aelN( )(ehssznN to))

o, (1)(In(60)~ 28011\{(90) +0,(1 )IN(00)2 (eh,s,i,J,m,n,N — o)
(1)(S + O, (1)Ix(86)2 B sy — bov + bo.n — b))

o,(1

where S is the probability limit of 1 N(eo)*%agz ~(6p) under Py, as N — oo. Therefore,
the theorem is proved. The last step is to show that as (h,s,i,J,n) — oo, for any
h < h, we have Oplnpsismn(-) = (1 + 0.(1))9lx(-) uniformly for any 6, € ©.
First, we have uniformly for all 8 € ©, ', s, 1mn(t,z;t + h,y|f) is an approximate
of the true transition density I'(¢,x;t + h,y|f) with the relative error denoted by
efllﬁi’iv‘]’mm(t,x;t + h,y|f). That is to say, we have that 'y s; jma(t, 2t + h,y|0) =
F(t,x;t+h,y|9)(1—|—6§117‘)9,i”]7m7n(t,x;t+h,y|9)). Similarly, 0L s i gmn(t, z;t+h,y|0) =
Ol (t, x5t +h,y|0)(1 +e,(12’27i’J7m7n(t, z;t+h,y|d)). Now we bound the functions ¢! and

€@ Let Qh,si,Jmmnt a0d En s smnt De two sequences of positive numbers converging
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to 0. Because of the Assumption 7 of (Yu, 2007, Appendix A), we can ask that
when X; € Upsigmm, Where Up s jmn i a compact subset of R”, we have P(X; €
Un.sigmn) =1 = Ghsigmns for all t < T. Then, we know that we can ask |¢!)| and
|e(2)|, for observations inside this compact set, to be bounded by &, 54, 7m n,+ Uniformly
for all § € ©. This argument shows that Opln p.sismn(-) = (1 +0,(1))0in(-). The
distribution relationship \/m(gh,s,i,lm,nw — 50) = N(0,I,«,) + 0,(1) can be
seen from the equation IN(@O)%(ahﬁ’i”]’m’n,N —0y) = ]N(QO)%(é\h’S’i"]’m7n’N — 507]\/') +
In(60)2 (Bo.y — o). O
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